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Example 4.2.3 What happens if A1, Ao are
complex?

A\
\ ¥ D
Fixed point is either... \
"‘\1 ’ \ /"\\ \‘ 3 b
o ‘\ \‘\/ 1\“ \; x\
© > )
: ’\
&\
=N
l
(a) center (b) spiral 5{\
[e.g. harmonic oscillator] [ e.g. lightly damped  ——— ,‘.x\.k-;y—;r«\/xf\f\/:;
centre neutrally stable  harmonic oscillator]

Fig. 4.2.3

e If A1, Ao are purely imaginary, all solutions
are periodic

o If Al = Ao We get a star node or a degen-
erate node
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Classification of Fixed Points

Ao =3(T+ \/72 —4A), where
A =X and 7= A1 4+ X

A S R ‘I‘z —4A =0
" unstable nodes |~

......

" unstable spirals

saddle points

non-isolated
fixed points

stars, degenerate nodes

Fig. 4.2.4
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4.3 Phase Portraits

Recall x = f(x), i.e

f 1 (ZC 1,2 2) f Loirv ?uw,,\)
) M/ )w)wé‘7l’ZALb
L2 = f2 (371 y 5172)

where x = (z1,22) and f(x) = (f1(x), f2(x))
(not necessarily linear now). The trajectories

x(t) wind their way through the phase plane.

21

X X W Fhe
x(f) . ooty weckt
o P Ret)

The entire phase plane is filled with trajec-
tories! |

4.4 Example of a phase portrait

- Shows a sample of the qualitatively different
trajectories
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Fig. 4.4.1

e Fixed points A, B and C satisfy f(x*) =0
and correspond to steady states or equi-
libria

e Closed orbit D corresponds to periodic
solutions, i.e. x(t+T) = x(¢) for all ¢t for
some T >0

e T he existence and uniqueness theorem
given for 1l-dimensional systems can be
generalized to 2-dimensional systems ...
fortunately = different trajectories never
intersect!
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