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4.5 Fixed points and Linearization

This is the same idea as for l-dimensional
systems

x f(z,y)

Y g(z,y)
Suppose (z*,y*) is a fixed point. Expand
around (z*,y*) using u = z—z* and v = y—y*. Vv small

u=z = f(z"+uy +v)

= (" y") + o2 + 02 4 02, v, u)
ox Oy
~ u—(?-f— T+ ’vaf
Ox Oy
Similarly
o~ 029 1,99
ox Oy

Hence a small disturbance around (z*, y™) evolves

adS
| of Of
()-(EE)
V 5_:% 5% ()

where the matrix iIs known as the Jacobian
matrix A at («*,vy*), and is the multivariable
equivalent of f/(z*) for 1-D systems.
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Example 4.5.1

r = —x -+ x>
y = —2y
Fixed points occur where x = 0 and y =

0O simultaneously. Hence x = 0 or z = =*1
and y = 0 = 3 fixed points (0,0), (1,0) and
(_150)

Jacobian matrix A

A=(% %):(—1+31’2 0)
— Y Y _
0y u 0 2

-1 O
0 =2

At (0,0) A = ( ) — Stable node

2 0
0 -2

At (£1,0) A = ( ) — both are sad-

dle points.
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In general, we must obtain fixed points by
solving x = 0 and y = 0 simultaneously.

eg. (3 -z —2y)

J y(2 -z —y)
vields fixed points (0,0), (0,2), (3,0) and
(1,1)

In general, A will not be diagonal at (z*,y™*).
Hence we must diagonalize A, i.e. find eigen-
values A1 and A»> and eigenvectors vi and vy
of A '
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Basically, we are doing the same here as be-
fore for 2D /)‘near systems, since we are treat-
ing the nonlinear system as linear near (z*, y*).
Knowledge of Aq{ and X\», and vy and vo, €n-
ables us to sketch the phase portrait near

(=%, y%). _ h

‘1._

The fixed points can be classified according
to their stability as follows:

o If Re(A1) > 0 and Re()\5) >0
= repeller (unstable node)

o If Re(\1) < 0 and Re(\) <0
= attractor (stable node)

o If Re(A1) > 0 but Re(X) < O (or vice
‘'versa) = saddle |

e If Ay and X\» are both imaginary = centre
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4.6 Example: Rabbits vs Sheep

An example of the Lotka-Volterra model of
competition between two species (e.g. rab-
bits and sheep) grazing the same food supply

(grass).

e Each species grows to Its carrying capac-
ity in the absence of the other - logistic
growth (rabbits faster...!)

e \\When species encounter each other, the
larger (sheep) has an advantage. |

o Conflicts occur at a rate proportional to
the size of each population. Conflicts re-

duce the growth rate of each species (but
more for rabbits).

A model encapsulating these properties could
be (see abovel)

(3 —x — 2y)
y(2 -z —y)

T

Y
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Fixed points at

(0,0) where A
(0,2) where A

(1,1) where A =

|
|
e e N
|
=N
|
I\)O
——
>
|
|
|
N

”2):>>\:—1ix/§

(3,0) where A ( —63 :? ) = = -3, -1

(0,0): A = 3,2 = unstable node (repeller)

Y

A=2 = v=1(0,1) “sloweigendirection”
A=3 = v=(1,0) “fasteigendirection”

General rule...

Trajectories are tangential to the slow
eigendirection (i.e. smallest |)\|) at a node

19




(0,2): A = —1,—-2 = stable node (attrac-
tor)

e Once again... Trajectories are tangential
to the slow eigendirection at a node

e Here A = —1 = v = (1,—-2) is the slow
eigendirection.

(1,1): A= —1+ +/2 = saddle point
d

R
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(3,0): A = —3,—1 = stable node (attrac-
tor)

Putting these together, the phase portrait
becomes....

stable
,manifold

Fig. 4.6.1

NB: You don't really need to calculate the
eigenvectors to get the right shape!
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Biological interpretation...

L

eventually drives

specles

one

e INn general,

which species even-

tually dominates depends O

the other to extinction

| POP-

— (ZUO: yO)

ulations xg

e Basin of attraction of an attracting fixed

| CONn-

la

NI

t ™ defined as the set of
ditions xp such that x — =™ as t — oc.

POIN

e In this case, basin boundary is the stable

manifold of the saddle node at (1,1)

basin boundary =

stable manifold of saddle
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4.7 Conservative Systems

Consider x = f(x). A conserved quantity of
this system is a real-valued continuous func-
tion F(x) that is constant on trajectories i.e.
dE /dt = 0.

Example 4.7.1 mz = —dV (z)/dz = F(z)

Take x =z and y = z =

r = vy

| 1

y = —F(z)
Trd

E(z) = 3mz2+V(2) is the total energy, which
IS constant '
1

= F(x) = é—my2 + V(x)
dE(x) 3
dt

since total energy Is constant.
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Example 6.5.2 f 4+ sin@ =0

., !

e.g. undamped simple pendulum
G
Y

Fixed points at (0*,v*) = (km,0)

vV

—Sind

(0,0) : A:(_Ol (1)):>)\=:}:i:>centre

(oscillations)

Energy E(6,v) = 5v° — cosf is conserved,
since

E—:yy+5|n9921/[9+5|n9] — 0

(7,0) : A:((l) (1)):>)\:i1:>saddle
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Phase portrait becomes...

Fig. 4.7.1
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