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Abstract

We study the pointwise convergence and the I'-convergence of a family of nonlocal functionals
defined in L, (R™) to a local functional F(u) that depends on the gradient of u and on the
set of discontinuity points of u. We apply this result to approximate a minimum problem
introduced by Mumford and Shah to study edge detection in computer vision theory. © 1998
John Wiley & Sons, Inc.

1 Introduction

Many problems of visual reconstruction (see [7, 16, 17]) and mathematical
physics (see [18]) are modeled by free discontinuity problems. Roughly speak-
ing, a free discontinuity problem in an open set {2 C R" is a problem in which
one of the unknowns is a pair (u, K') where K C R" is a closed set and u is
a regular function defined in Q\ K.

The prototype of this kind of problems is the variational problem

(1.1) min{G(u, K) : K C R" closed set, u € C1(Q\K)},
where G is defined for every closed set K C R™ and every u € C*(Q\K) by

G(u,K):/ ]Vu(x)\de—i—/ lu—glPde +H"HQNK).
O\K O\K

Here 1 < p < 400, g € LP(Q)NL>®(Q2), and H" ! is the (n— 1)—dimensional
Hausdorff measure.

This variational problem, which was solved by E. De Giorgi, M. Carriero,
and A. Leaci in [12], comes from a two-dimensional problem of edge detection
in computer vision theory posed by D. Mumford and J. Shah in [17].

Many free discontinuity problems have a natural weak formulation in the
space SBV(Q) of special functions with bounded variation or in the larger
space GSBV () (see Section 2 for precise definitions). Indeed, for each
u € GSBV() one can define, in a measure-theoretic sense, the approximate
gradient Vu(z) and the discontinuity set .S, which turns out to be (n — 1)-
dimensional. The functional

Flu) = /Q Va(@)2de +H"™ (S, NQ), ueGSBV(Q),
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corresponds in the weak formulation to the “principal part” of G(u, K), i.e.,
to the terms involving the gradient and the discontinuity set of w.

By the semicontinuity and compactness theorem in SBV proved by Am-
brosio in [2] (cf. also [4] and [1]), variational problems involving F or more
general functionals defined in SBV or GSBV can be solved using the direct
methods of the calculus of variations.

Moreover, the minimizers of (1.1) can be recovered from minimizers of

(1.2) F(u) + /Q lu—glPdz, uwe GSBV(Q),

and vice versa (cf. [12]), and the minimum values are equal.
The research on this subject has developed along several directions, among
them

e giving nontrivial examples of minimizers for (1.1) or (1.2),
e providing numerical algorithms to approximate such minimizers, and
e finding a reasonable definition of gradient flow associated with F.

A natural approach to these problems is to approximate J by functionals
Fe defined in better spaces, e.g., Sobolev spaces or finite-dimensional vector
spaces. These functionals {F.} should converge to F in the sense of I'-
convergence (see Section 2 for the definition), since this notion is stable under
continuous perturbations and guarantees that any limit point of minimizers of
F- is a minimizer for F. Moreover, one can hope to define the gradient flow
associated to F as the limit of the gradient flows associated to F; (if this limit
exists, of course!).

It is easy to see (cf. [8]) that F cannot be approximated in the sense of
I"-convergence by local integral functionals like

/Qfg(Vu(x)) dx ,

defined in the Sobolev space W12(Q).

This difficulty has been overcome in different ways: Ambrosio and Tor-
torelli [5, 6] introduced an auxiliary variable, Braides and Dal Maso [8] used
nonlocal functionals depending on the average of the gradient in small balls,
and Chambolle [9] proved that the discrete weak membrane model of Blake
and Zisserman [7] I'-converges to the functional F in the case where n = 1
and Q = [0, 1].
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The discrete functionals introduced by Blake and Zisserman generalize to
any space dimension, but unfortunately in dim > 2 the I'-limit is not invariant
by rigid motions; hence it does not coincide with F.

To overcome this difficulty, De Giorgi proposed the following nonlocal
functionals:

(1.3) Feo(u) = l/ arctan ((U(x + €£) — u(x))2> o€ de du
R xR"

9 9

defined for every u € LlloC (R™) and every € > 0. He conjectured that the
family {#.} should I'-converge, up to some constants, to F as ¢ — 0F.
In this paper we prove this conjecture. To be precise, let us set

MSy u(u, Q) =
(1.4) A Jo [Vu(z)? de + pH™1(S,) if u € GSBV(Q),
+00 if u e L (Q)\GSBV(Q).

Then we prove that

1. Fe(u) < ”2/2 MS; =(u,R") for all u € Li (R™),

loc

2. {F-(u)} pointwise converges to # MS; /=(u,R™), and

3. T2 MS, =(u,R") is the T-limit of {F_(u)} in L] (R™).

- T loc

The proof of these results is based on an integral-geometric approach in
such a way that it is enough to prove (1), (2), and (3) for a simpler family of
one-dimensional functionals {F.} (cf. Theorem 3.4).

Moreover, we prove the following compactness result:

4. If sup,og {Fe(ue) + ||tue|loo } < 400, then the family {u.} is relatively
compact in L (R™).

Thanks to (4) and the variational properties of I'-convergence, we can
approximate the minimum problem (1.2) in the following way:

5. For all € > 0 there exists a minimum point u. of the functional

Fow)+ [ Ju-gPds
Rn

in a suitable class of functions of bounded variation (see Theorem 6.1
for the details), and {u.} converges, up to subsequences, to a minimum
point of (1.2).
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Since the aim of this paper is to prove De Giorgi’s conjecture, we will
focus our attention on the functionals F. defined in (1.3); however, the same
techniques work for a large class of functionals (see the discussion in Sec-
tion 7).

This paper is organized as follows: In Section 2 we give notation and
preliminaries; in Section 3 we study the convergence of a family of one-
dimensional functionals F; closely related to F; (Theorem 3.4), and we prove
De Giorgi’s conjecture in dim = 1 (Theorem 3.6); in Section 4 we prove De
Giorgi’s conjecture in dim > 2 (Theorem 4.4); in Section 5 we prove the
compactness result (4); in Section 6 we prove the approximation result (5);
and in Section 7 we extend the results of the previous sections to functionals
more general then Fr.

2 Preliminaries

In this section we fix notation and we recall basic definitions from the theory
of SBV functions and I'-convergence.

For all o € R the integer part of « is denoted by [o| = sup{z € Z : z < a}.
Given z,y € R", their scalar product is denoted by (x,y), and the Euclidean
norm of z by |z|. Given a,b € R, the closed and left-open interval in R with
extremes a and b are denoted by [a, b] and |a, b], respectively. The maximum
and the minimum of {a, b} are denoted by a Vb and a A b, respectively. Given
A, B C R"”, we write A € B if the closure of A is compact and contained in
B.

The Lebesgue measure and the (n — 1)-dimensional Hausdorff measure of
a set B C R™ are denoted by | B| and H"!(B), respectively. We use standard
notation for the Banach spaces LP(R™) and for the metrizable spaces L} (R").
All the functionals introduced in this paper, and also all the operations of
lim, liminf, and limsup, are intended with range in the extended real line
R =R U {+00, —00}.

2.1 Special Functions of Bounded Variation

For the general theory of functions with bounded variation, we refer to [14, 19];
here we just recall some definitions and some basic results.

Let Q C R™ be an open set, let v : 2 — R be a measurable function, and
let z € Q. We say that z € R is the approximate limit of u at z, and we write

z =ap — lim u(y)

Yy—x
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if for every neighborhood U of z in R we have that
i 1
Nim Sy € Qi ly —al <p uly) U =0.

If = € R we say that = is a Lebesgue point of u. We say that the vector
Vu(z) € R™ is the approximate gradient of u at z if

o tim 1) = @) = (Vu(a).y — )

=0.
y—e ly — x|

We denote by .S, the discontinuity set of w, i.e.,

Sy = {x € Q:ap — lim u(y) does not exist}.
y—
We say that w is a function of bounded variation in (), and we write
u € BV(Q), if u € L}(Q) and its distributional derivative is a vector-valued
measure Du with finite total variation |Du|(Q2). If u € BV(Q), then S, turns
out to be countably (H" "1, n — 1) rectifiable, i.e.,

Su:NUUKia
€N

where H"1(N) = 0, and each K is a compact set contained in a C'! hyper-
surface.

Now let us write Du = D% + D®u, where D®u is absolutely continuous
with respect to the Lebesgue measure £, and D*u is singular with respect
to L£L™. The density of D%u with respect to L™ coincides almost everywhere
with the approximate gradient Vu(x). Moreover, we call the restriction DJu
of D%u to S, the “jump part” of Du and the restriction Du of D*u to Q\S,,
the “Cantor part” of Du.

With these notations we have the following decomposition:

Du = D% + Du+ Du.

The reader interested in the structure of D%, DJu, and Du is referred to

[2].

DEFINITION 2.1 Let 2 C R™ be an open set, and let u € BV(£2). We say
that w is a special function of bounded variation, and we write uw € SBV (Q),
if D = 0.

Sometimes it is useful to consider the following larger class.
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DEFINITION 2.2 Let 2 C R" be an open set, and let u : £ — R be a
measurable function. We say that u is a generalized special function of bounded
variation, and we write u € GSBV (Q), if the truncations uy = (uAk)V (—k)
belong to SBV (') for every k > 0, and every open set Q' € (.

Every u € GSBV(Q) N L () has an approximate gradient Vu(z) for
ae. x € €, and a countably (H"~! n — 1) rectifiable discontinuity set S,,.
Moreover,

Vaup — Vu ae inQ,  H"(S,) — H"'(S.),

as k — oo.

The spaces SBV () and GSBV () have been introduced by De Giorgi
and Ambrosio in [11] and have been studied in [3]. In this paper we use the
following semicontinuity result:

THEOREM 2.3 For all A\ > 0 and ;1 > 0, the functional u — M S} ,,(u,R)
defined in (1.4) is lower-semicontinuous in L] .(R).

This result can be proved directly or simply deduced from the general theory
of [3].

REMARK 2.4 In this paper we need the lower semicontinuity of M S} ,, only
in the one-dimensional case. Since the I'-limit of any family of functions is
lower-semicontinuous, our I'-convergence results provide an alternative proof
of the lower semicontinuity of MS) , in dim > 2.

2.2 T'-Convergence

DEFINITION 2.5 Let X be a metric space, let { F;} be a sequence of functions
defined in X with values in R, and let F' : X — R. We say that {F;} I'-
converges to F', and we write

F(z) =T — lim Fj(z),

1— 00

if the following two conditions are satisfied:

(i) for every x € X and every sequence {x;} converging to x, we have that

F(z) <liminf Fj(x;);

1—00
(ii) for every x € X, there exists a sequence {z;} converging to = such that

F(z) > limsup F(z;) .

i—00
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The I'-limit, when it exists, is unique and stable under subsequences.

REMARK 2.6 The notion of I'-convergence is stable under continuous per-
turbations in the following sense: If {F;} I'-converges to F'and G : X — R
is continuous, then {F; + G} I'-converges to F' + G.

The following theorem clarifies the variational character of I'-convergence
(cf. [10, 13]):

THEOREM 2.7 Let {F;} be a sequence of functions defined on a metric space
X that T'-converges to a function F. For every i € N, let x; be a minimum
point for F;. If the sequence {x;} converges in X to some xg, then xg is a
minimum point of F, and {F;(x;)} converges to F(x).

Finally, we say that a family {F.}.~( of functions I'-converges to F as
e — 07 if {F.,} T-converges to F for every sequence {e;} — 0.
3 The One-Dimensional Case

In this section we consider the functional

arctan ((u(m te) - u(m))2> dx ,

€

1
(3.1) Fe(u, Q) = g/

Q

defined for every € > 0, u € LIIOC(R), and every measurable set {2 C R, with
values in R U {+oo}. We prove that

Fe(u,R) < MSy z(u,R)

for all € > 0, and all u € L{ (R) and that M S =z (u,R) is the pointwise limit
and the I'-limit of F.(u,R) (Theorem 3.4). This result is the basic tool to study
the convergence of { .}, both in the one-dimensional case (Theorem 3.6) and
in the general case (Theorem 4.4).

Before we state the precise results for { F;}, we need some technical lem-
mata.

LEMMA 3.1 Let o> 0 and 3 > 0. Then for all € €10, 3] there exists
NE :L,Q Ns 6
(3.2) V¥(e,a,f) =min {Z arctan <—Z> : Z |x;| > a, N = {—} } .
i=1 € i=1 €
Moreover,
a7
lim ¥ —mind T
[CRTTEES.
for all o« > 0 and 3 > 0.
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PROOF: Step 1. The minimum problem (3.2) has at least one solu-
tion, since we can restrict to the compact set

Ne
{(xl,...,xNS) € [0, : ZJJZ = a} .
i=1

Therefore ¥ (e, o, 3) is well-defined.

Step 2. Let us show that

. C[a? 7
(3.3) limsup ¥(e,, ) <minq —, = ».
e—0t B2
To this end, setting z1 = o, x2 = --- = xn. = 0 in (3.2), we obtain
o2
(3.4) V(e,a,f) < arctan | — |,
€
while setting 1 = --- = xy. = o/ N, yields
a2
(3.5) U(e, o, B) < N arctan @ .

Recalling that N, = [g], and taking the lim sup in (3.4) and (3.5), inequal-
ity (3.3) follows.

Step 3. Let us show that

e—0t

2
(3.6) liminf ¥(e, o, #) > min {a_ z} .

Let {,} — O be a sequence such that

liminf ¥(e, @, ) = lim ¥(en, e, ),
and, for each e, let x,1 > --- > wp N, be a minimizer for (3.2). Since
the function r — arctan(r?/s,) is convex in [0,37'/4,/z,] and concave in
[3_1/4\/€_n, +o0/, then only x,, 1 can be greater then 3_1/4\/5_,1, and all the
Zn;’s in the convexity zone are necessarily equal. This implies that there are
only two possibilities:
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(P1) x,1=---=x,n., = a/N;,. In this case
o2
(3.7 U(ep,a, B) = N, arctan T )
(P2) zn1 >3 Y4 B and wpo = =au N, = (@ —2p1)/(Ne, —1). In
this case

(3.8) Y(en,a,pB) =

(#n1)? (o —xn1)?
t —) N, —1 t —_—=].
arctan ( - + (N, — 1) arctan SN =17

Up to subsequences, we can assume that either (P1) or (P2) holds for all
n € N. In the first case, by (3.7) we have that
2
. o
nh~>nolo \Il(gnv «, B) - ? )
hence (3.6) is satisfied.

In the second case, up to subsequences, we can assume that there exists

Tn,

= lim 2L ¢ RU{+00}.

n—00 \/a

If [ = +oo, then the first summand in (3.8) tends to 5. If [ € R, then
Tn,1 — 0; hence the second summand in (3.8) tends to a? /3. In both cases
(3.6) is satisfied.

The proof is thus complete. |

LEMMA 3.2 Let I = [a,b] be an interval, let {u.} C Li _(R), and let u €
Li (R). Let us assume the following:

loc
(i) ue — win L} (R);
(i) a and b are Lebesgue points of u.

Then

(3.9) lim inf F.(ue, I) > min{ g (u(b) — u(a))® } .

e—0 b—a
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PROOE: Step 1. Let us set J := |u(b) — u(a)|. If J = 0, there is
nothing to prove. We can therefore assume J > 0. Let {¢,} — 07 be a
sequence such that

liminf F.(ue, I) = lim F; (ue,,I).

e—0+ n—00

Up to subsequences we can also assume that
Ue, () — u(x) forae zel.

Now let us fix  €]0, J], let us set N, = [|I|/en], and let us define

C, =
N,

{x € [a,a+ ey : Z lue, (x + ken) —ue, (x+ (k= 1)ep)| > J — 77} .
k=1

Step 2. Let us show that

(3.10) lim @ =1.

n—oo g,

To this end, for all 6 > 0 let us set
Ayz{xéha+ﬂﬂﬂ@—u@ﬂ<ﬂ},

Byz{xew—&MﬂMM—u®ﬂ<g}.

By hypothesis (ii) we have that

(3.11) lim @ = lim @ =

1.
5—0 6 6—0 6

Moreover, by the Severini-Egorov theorem, there exists Is C [ such that
|I\Is|] < &% and u., — u uniformly on Is. Therefore, there exists m =
n(n, b, Is) such that

n>n, r e AsNls,

(3.12)
y € Bs N Is = |ug, (z) —ue, (y)| = J — 1.

Moreover,

(3.13) |As N Is| > |As| — 6%, [BsNIs| > |Bs| — 6°.
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Now let us set
Ky :={keN:[a+key,a+ (k+1)e,] Cla,a+ 6]},
KV:={keN:ja+key,a+ (k+1)e,) C[b—60b]}.
It is easy to see that
(3.14) K = [6/en],  $Kp > ([6/en] — 1),

where £S5 denotes the number of elements of the set S.
Finally, let us set

(3.15) Ay :={zrecla,a+tep):x+ken € AsNIs, Vk e K},

(3.16) B :={zcla,a+en):x+ke, g BsnlIs, Vke K2},
By (3.15), (3.16), and (3.12) it follows that

(3.17) Cn D la,a+ep]\(A§UBY), V6>0,Vn>mn(n,o,Is).

Moreover, since

U {AY + ken} Cla,a+ 6)\(As N 1s),
keKg

U {B§ +ken} C[b—6,0\(Bs N 15),
keK?

and the above unions are disjoint, by (3.13) and (3.14) it follows that

4] < 6= 1A+ ) ||

n

n

5 —1
B3 < 6 - 1Bl + %) (| =] -1)
hence by (3.17)

[Cul 2 0 — (6 = [ As] +8%) qu (6~ By + 62) ([;} - 1)1

n n

for all n > m. Dividing by €,, and taking the limit as n — co, we get

1
lim inf 157! > 1 — = (26+26% — |As| — | Bs).

n—oo g, )

Because § is arbitrary, we take the limit § — 0T and by (3.11) we obtain

lim inf [Cnl

n—oo g,

>1.

Since, of course, |C),| < &, equality (3.10) is proved.
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Step 3. Let us prove (3.9). By definition of C,, we have that

an (u5n7 '[)
> an ug'rﬂ [a a+ EnNan])

(l+€nN€n 1 — 2
= / — arctan <(u€" (z+ 57;) Uen (7)) ) dx
N,
aten 1 XK n) — — e, 2
> ol g .

n

where W is the function introduced in (3.2).
Applying Lemma3.1 with « = J — 0, § = |I|, and recalling (3.10), we
can conclude that

C
lim F. (ue,,I) > lim ol U(epn, J —n,|I])
n— 00 n—oo g,
(T —n)?
> — 7.
> min { 2 0]
Since 7 is arbitrary, (3.9) is proved. |

LEMMA 3.3 Let u € L>®(R).
Then there exists a € R such that

(1) a+ q is a Lebesgue point of u for every rational number q,

(ii) every sequence {u,} C L*°(R) that satisfies the following two condi-
tions:
o up(a+ Z2) =u(a+ 2) forall z € Z,
e ifx € [a+ £,a+ Z, then u,(x) belongs to the interval with
endpoints u(a + 2) and u(a + 1),

has a subsequence converging to u in Li. (R).

PROOF: We claim that (i) and (ii) are satisfied, for example, for a.e.
€ [0,1]. Since (i) is trivially satisfied for a.e. a € [0, 1], we can focus our
attention on condition (ii).
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Step 1. Let us fix some notation. For every n > 1, z € Z, and a € [0, 1],
let us set

z+1
n

Iﬁz{a—i-i,a—i- ]Q]R{;
n

vp () :u(a—i—[n(xni_a)]>, Ve e R;

n(z—a)| +1

wp(x) = u(a—i——[ ( )
n

Thus v is constant on each interval I and coincides with the value of

u in the infimum of I, while w;, coincides in I with the value of u in the

supremum of I7.

), VreR.

Step 2. Let I C R be a fixed interval. We show that there exists a sequence
ng, — 400 such that

(3.18) v® —u in LY(I) for ae. a € [0,1].

Nk

To this end, let us introduce the function

/|U x)|dx, a€]l0,1].
Since
[} @)~ w(@)l da < 211 o
for all z € R, and
0
Jm [ @)~ u@ldo = mn [ JuGe+y) - u(@)ldy =0

:

for every x € I that is a Lebesgue point of u, by the dominated convergence
theorem it follows that

// lvg (x (x)|dader — 0 asn — oo.

Changing the order of integration, this proves that {g#} — 0 in L([0,1]);
hence there exists a subsequence {g;* } that converges to zero for a.e. a € [0, 1].
By the definition of g7, this is equivalent to (3.18).

Step 3. Arguing in the same way for w{ and using a diagonal argument,
we can prove the existence of a sequence nj; — +oco such that

(3.19) vh — u in Lj (R) for ae. a € 0,1]
(3.20) wy, — u in LL.(R) for ae. a € [0,1].
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Step 4. Let {u,} be any sequence satisfying the two conditions in (ii).
Then

(3.21) v Awy < uy, < vy Vowp

Let {ny} be the sequence of step 3. Thanks to (3.19), (3.20), and (3.21), by
a comparison argument it follows that u,, — u in L{ (R) for a.e. a € [0,1].

The proof is thus complete. |
We can now state our main result for the functional F.

THEOREM 3.4 Let F. and MS) , be the functionals defined in (3.1) and
(1.4), respectively. Then, for all u € L, (R), we have that

(3.22) F.(u,R) < MSLg(u,]R)
and
(3.23) lim F.(u,R) = MS; =(u,R).
e—07t '2
Moreover,
(3.24) I'— lim F.(u,R)=MS =(u,R),
e—0t+ ’2

where the T-limit is computed with respect to the usual topology of Li .(R).

loc

PROOF: Step 1. Let us show that (3.22) holds; hence

limsup Fi(u,R) < MSy z(u,R), Vu € Lig.(R).

e—0t

To this end, we can clearly assume that MSl,g (u,R) < 4o00; hence u €
BV(I) for every I € R. Let us write

arctan ((u(:c te) - u(m))2> dx

€

R == [

A

1 (u(z + ) — u(x))?
+ - /R\AE arctan ( . ) dx ,

Ac ={z eR:[z,z+¢]NS, # T},

where
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and let us estimate separately the two summands. The first one can be trivially
estimated by

1 (u(z + ¢) — u(x))? m A _ o0
(3.25) E/AE arctan< ) dr < 5 < 57‘( (Su) -

e

In order to estimate the second summand, we note that if x ¢ A., then u
is absolutely continuous in [z, z + €]; hence, by Holder’s inequality

(u(z + 2) — u(@))? < (/0 |Vu(:v—|—7')d7>2 < 5/05 Vu(z + 1) dr

Thus, since arctan(x) < z for all x > 0:

1 (u(z +¢) — u(z))?
- /R\AE arctan( > dx

e 9

1 53
—/ / \Vu(z 4+ 7)|? dr da
€ Jr\A. Jo

1 g

—/ dT/ Vu(z)? de :/ Vu()|? de .
€ Jo R R

By (3.25) and this last estimate, (3.22) easily follows.

IN

IN

Step 2. In order to complete the proof of pointwise and I'-convergence,
it remains to show that

(3.26) liminf F¢, (un,R) = M Sy z(u, R)

n—oo

for every sequence {e,} — 0T and every sequence {u,} — w in L{ (R).

By a truncation argument, we can assume that u € L*(R), {u,} C
L2(R), and [unloo < fJulloo-
Our aim is to construct a sequence {v;} C GSBV(RR) such that

(3.27) v;j — u in Li (R),
(3.28) liminf £, (un,R) > M Sy z(v;,R), VjeN.

By the semicontinuity of M Sl,g (Theorem 2.3), this will imply (3.26).

Let us assume that a € R satisfies conditions (i) and (ii) of Lemma 3.3,
and let us denote by I7 the interval [a+ %, a+ %1] Let us define v; in every
interval /7 in the following way:

o If j(u(a+ ZJ; ) —u(a + f))2 < 7§, then v; is the affine function that
coincides with u at the endpoints of [7;
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o if j(u(a + Zjil) —u(a + ?))2 > 7, then v; is the piecewise constant
function that coincides with u at the endpoints of /7 and has a unique
discontinuity in the medium point of the interval.

It is clear from the definition that {v;} satisfies both assumptions of (ii) of
Lemma 3.3; hence, up to subsequences, (3.27) holds.
Moreover, we have that v; € GSBV(R) and

- . T . z+1 2\\?
MSl,g(vj,Ij):mm{g,j(u(a—i— 7 )—u<a+;>>}

for all j € N and z € Z. Therefore, applying Lemma 3.2 in the interval 17, it
follows that

llnﬂ_l>£fF€"<un,IjZ) > MSL%(U]‘7[;> .
Summing over all z € Z we obtain (3.28), and this completes the proof. N

As an intermediate step between the functional F; of (3.1) and the func-
tional . of (1.3), let us introduce the functional F; ¢ defined, for every ¢ > 0,
¢ €R,and u € LL _(R) by

loc

— u(x))?
(3.29) Fee(u) = 1/Raurctaun ((u(x +£6) (z)) ) dx .

9 9

With this notation in the one-dimensional case, we have that
(3.30) Fo(u) = / Foe(w)e € de, Yue L (R).
R

In the following proposition, we study the convergence of £ ¢.

PROPOSITION 3.5 Let § € R, and let F.¢ and MS) , be the functionals
defined in (3.29) and (1.4), respectively. Then, for every u € L%OC(R) we have
that

(3.31) Fag(’u,) < MS§27%|§|(U,R)
and

(3.32) El_i,%l+ Fgé(u) = MS§27%|§|(U, R).
Moreover,

(333) F—Elil(l)l+ Fs,g(u) = MS§2,%|E\(U7R) 5

where the I'-limit is computed with respect to the usual topology of LllOC (R).
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PROOF: Let us write F; ¢ in terms of the functional F: defined in (3.1).
If £ > 0, then
F.e(u) = € Foe(£Y%u,R).
If £ <0, then
F.g(u) = [¢] Fog (1¢]V?0,R)

where @ is the function defined by u(z) = u(—=x).
Therefore, since

€108y 5 (|€['/2u, R) = [¢]MS) 5 (|€]'/%0,R) = MSe2 51 (w, R),

in both cases (3.31), (3.32), and (3.33) follow from (3.22), (3.23), and (3.24)
respectively. L

We are now ready to prove De Giorgi’s conjecture in the one-dimensional
case.

THEOREM 3.6 Let F. and MS) , be the functionals defined in (1.3) and
(1.4), respectively.
Then, for all u € L (R) we have that

(3.34) fg(u) < MSﬁ E(u,R)
2 72
and
(3.35) lim F.(u) =MS = . (u,R).
e—0t 22
Moreover,
(3.36) I'— lim F(u)=MS /7 ,(u,R),
e—0t 202

where the I'-limit is computed with respect to the usual topology of Llloc (R).

PROOF: Let us prove (3.34). By (3.30) and (3.31)

Fe(u) = /R e ¢ Foe(u)de < /]R e~ MSg2 z ¢ (u, R) d
_ 2 —¢£2 2 E 0 —¢2
= [ &€ [1Vu@)Pdeds+ TH(S.) [ Jele de

s
22
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In order to complete the proof, it remains to show that

liminf . (un) > MS /= , (u,R)

n—00 3y
for every sequence {e,} — 0T and every sequence {u,} — u in L] (R).
By (3.30), (3.33), and Fatou’s lemma:

liminf F,  (up) = lim inf e ¢ F,, ¢(up)dg

n—oo n—oo R

> / e~ liminf Fe, ¢(uy)dg
R

n—oo

> [ € M ziq(u, R) g = MS 2
R

s
22

(u,R).

This completes the proof. |

4 The General Case

In this section we prove the convergence results for F. in the n-dimensional
case. The proof is obtained by reducing to one-dimensional functionals through
the use of an integral-geometric technique. To this end let us introduce, in
analogy with (3.29), the functionals F_ ¢ defined for all ¢ > 0, £ € R", and
ue Ll (R") by

w(x 4 €€) —u(x))?
4.1) Fa,f(u)zl/narctan<( (2 + &) (2)) ) dx .

9 9

With this notation we have that

(4.2) Fe(u) = /R Feg(u) e P de . vue LL (R™).

Moreover, let us introduce the functional M Sf\ L defined for all £ € R”,
A, >0, and u € LL _(R") by

loc

3) MSS,,(u) = /@L MSy (e R) dy

where (€)1 = {z € R" : (¢, 2) = 0} is the orthogonal space to £, and for all
¢ eR", y € (£)1, the function ug,, : R — R is defined by

4.4) uey(t) =u(y+1t§), VteR.

In the next lemma we recall the results we need about one-dimensional
sections of SBV functions (cf. [2]).
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LEMMA 4.1 Let w € GSBV(R"™). Then for all £ € R™ we have that
ugy € GSBV(R) for a.e. y € (€)1, and moreover,

4.5) Vg () = (Vu(y + t£),&) forae te€R
and
(4.6) Sue,, = {teR:y+t£e€S,}.

Conversely, let u € Li. (R™), and let {&1, . .., &} C R™ be a set of linearly

loc

independent vectors. If for some X\ > 0 and 1 > 0 we have that

4.7 ) MS)\,H(U&’y, R) dy < +00

forallie {1,...,n}, then u € GSBV(R").

In the next lemma we write M .Sy ,, in terms of M S§ e This is the technical
core of our integral-geometric approach.

LEMMA 4.2 Let MSf\“ and M S, be the functionals defined in (4.3) and
(1.4), respectively. Then

7'('_”/2

4.8) /R el S () dg = T M,

2 (U/;ER”)
7\/*“.”
fb) all u e Ll (Rn)

loc

PROOF: Step 1. A simple computation shows that

2 7.[.71/2
“9) [ a2 de = T ja?
Rn
for all vectors v € R™.

Step 2. Letn > 2 and let M C R" be a countably (K", n — 1) rectifi-
able set. For all £ € R™, y € (€)1, let us set

Mey={teR:y+t{c M}.

Then

(4.10) /Rn ¢ e €7 {/W HO(Me.,) dy} d¢ = 7" H" V(M) .
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Indeed, let us consider the equality

(4.11) / HO (M) dy ¢ dv = 2w,y H" N (M),
gn—1 (v) L ’

which may be proved directly using the area-coarea formula (cf. [15, sec.
3.2.22]) or by remarking that the left-hand side of (4.11) is equal to 2w,_1
times the (n — 1)-dimensional integral-geometric measure of A/, which co-
incides with the (n — 1)-dimensional Hausdorff measure for (H"~!, n — 1)
rectifiable sets (cf. [15, sec. 3.2.26]).

Using spherical coordinates in (4.10) we therefore have that

€] e leP {/ HO(Me, )dy} ¢

/R" (€ v

:m"—f’zd/ / HOM, ) dy $ d
/Ope psnl{@>l (Myy) dy ¢ dv

= </ ple d,o> 2wn—1 H" (M) .
0

Recalling the explicit expressions for these constants (see, for example,
[15, p. 251]), (4.10) is proved.

Step 3. Let us prove (4.8) for v € GSBV(R"). Thanks to (4.5) and
(4.6), for £ # 0 we have that

M, (u) :/ dy/ MVuly + t6), €)? dt+/ HHO(Sue,) dy

= g LT 0 e [ HO(S e
Multiplying by || eI¢ ” and integrating in ¢ over R™, by (4.9) and (4.10)
we obtain (4.8).

Step 4. Let us prove (4.8) for u € L{ (R")\GSBV(R"). In this case
MS{H( ) = +oo for a.e. £ € R". Indeed, if MS& ,.(u) is finite for a set
{&1, ..., &y} of linearly independent vectors, then u satlsﬁes (4.7) and therefore
u € GSBV(R"™). This proves that in this case both sides of (4.8) are equal
to 4-00.

In the following proposition we study the convergence of F ¢.
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PROPOSITION 4.3 Let £ € R", and let I ¢ and MSf\# be the functionals
defined in (4.1) and (4.3), respectively.
Then, for every u € LIOC(R") we have that

(4.12) Fr(u) < [€|MS] < (u)

and

(4.13) Jim Feg(u) = [€[MS} £ (u).
Moreover;

(4.14) P lim Fee(u) = [E[MS 4 (u),

where the I'-limit is computed with respect to the usual topology of LlOC(R").

PROOF: Let us first remark that F ¢ may be written as
4.15) Peg() = 1el | Feluy, B)dy.

where F; is the functional defined in (3.1) and wu¢, are the one-dimensional
sections of u defined in (4.4).
Now let us prove (4.12). By (4.15) and (3.22) we have that

’5‘/ Ug Yo dy
. _ 3
< I¢ /W MS) 5 (g . R) dy = [E]MS < (u).
To prove (4.13) and (4.14), it remains to show that
lim inf 7, ¢(u") > €| M S <« (u)

for every sequence {e,} — 0T and every sequence {u"} — wu in L{. (R").
Since
Ugy Uy in Lllor:(R)

for a.e. y € (€)1, by (4.15), (3.24), and Fatou’s lemma we have that

linniicgf Fy, ¢(u™) = [¢] lim inf/ P, (ug,,R) dy

> |§\/ liminf F, (ug,, R)dy

s pr— 5
zwkwMagwwmw E1MS¢ 4 (u).

This completes the proof. |
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In the following theorem we prove De Giorgi’s conjecture in dimension
n > 2.

THEOREM 4.4 Let F. and MS) , be the functionals defined in (1.3) and
(1.4), respectively.
Then, for every u € Li (R™) we have that

loc

n/2

(4.16) Fo(u) < ”2 MS, /= (u,R")
and

7.‘.n/2
4.17) El_i}I(I)l+ Fe(u) = 5 MS; =(u,R™).
Moreover;

7.‘_n/2

(4.18) r —61_1)1(131+ Fe(u) = 5 MSL\/;(U,RR)

where the U-limit is computed with respect to the usual topology of L%OC(R”).

PROOF: Let us prove (4.16). By (4.2), (4.12), and Lemma 4.2, we have
that

Fw) = [ P Pt < [ el 0SS () de
n Rn 12
7rn/2
2
To prove (4.17) and (4.18) it remains to show that

MSL\/;T(’LL, R"™).

n/2

lim inf 7., (un) > —

n—00 2

MSL\/;F(U, R’I’L)

for every sequence {e,} — 0T and every sequence {u,} — w in L} (R™).
By (4.2), (4.14), Fatou’s lemma, and Lemma 4.2, we have that

liminf 7., (u,) = liminf [ e F F. ((u,)d¢

n—oo n—oo Rn

2/ e I€” liminf F, ¢(up)d§

n—oo

> [ 161e7P 0SS L () dg = - M8, (i R).

This completes the proof. |
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S Compactness

The main result of this section is the compactness result of Theorem 5.4. In
the sequel we denote by C'®u the convolutions

n

G.D Céu(x) = 71'_"/2/ u(z + 68) o161 de,

defined for every u € L°°(R™) and every 6 > 0.
In a standard way it is possible to show that C®u € C°°(R™) and, moreover,

(5.2) IC%l o < [|ulloo
and
(5.3) IVCulloo < s [[loo
where )
Cs = — Vef‘ﬂQ‘ d€ .
6 Rn

In the following three lemmata we prove some estimates that will be crucial
in the proof of Theorem 5.4.

LEMMA 5.1 Forall w € L>®(R"), 6 >0, £ € R", and A € R"™ we have that
G4 [ Jule +89) —ulw)|do < 85 (|42 + ullc) (1+ Fre(w)

where Fj¢ is the functional introduced in (4.1).

PROOF: Let us set
As = {z € A |u(z + 6¢) — u(z)]? > 6}.

Since z < %arctanx for |z| < 1, by Holder’s inequality we have that
/ |u(x 4+ 6§) — u(x)| dx
A\As

1/2
< AP {5/“ Ju(z + agg — u(w)|? dx}

9 B 9 1/2
BT N (T EUTC
T 0 Ja\A, 1)

2
8 |AIY 2 {Fog(u)}? < ﬁé\A\m{HFé,s(U)}-

55 <

S
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Moreover, since arctanx > % for z > 1, we have that

arctan (!u(m + 65{; — u(:c)|2> dx >

Fse(u) = % /

As

hence

8
66 [ Juw+66) — u@)|dr <2 full sl < 76 ullc Fielu).

As

By (5.5) and (5.6), inequality (5.4) follows. |
LEMMA 5.2 For all u € L*(R"), § > 0, and A € R™ we have that
|C%u — ull aay < 88 (JA[2 4+ flufloo ) (1 + Fs(u),
where Fs is the functional introduced in (1.3).

PROOF: By (5.1), Lemma 5.1, and (4.2) we have that
1C%u — w4y < W_"/2/ lu(z + 6¢) — u(x)| e 167 de de
AxR?
< 8725 (JA]Y? + [lu]) /Rn(l b Fye(u)) e 67 de
< 88 (JAM2 + Julloo ) (1 + Fs(u). '
LEMMA 5.3 Forall € >0, k € N\{0}, u € L>®(R"), we have that

(5.7) Fre(u) < Fe(u).

PROOF: If k = 1, the thesis is trivial. Arguing by induction, we assume
that (5.7) holds true for some k& > 1. From the inequality

A+ B B2
%gfl%r?, Vk>1, VAER, VBER,

by the monotonicity and the subadditivity of the function r — arctanr, it
follows that

A+ B)? B2
arctan u < arctan A? + arctan — .
k+1 k

Applying this inequality with
~u(x + ke€) — u(x)

u(z + (k+ 1)e€) — u(x + kef) B

A= \/g 5 \/g )
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and dividing by (k + 1)e, it follows that

L etan <(u(w + (b +1)ef) — u(x))2>
(k+1)e (k+1)e

BRI SR <<u(m + (k4 De€) —u(z + kef))2)

<
“k+1e¢ €
| <(u(:n + ke€) — u(x))2> -

=~ arct
1 ge retan e

Multiplying by e~I¢ * and integrating in « and £ over R™ x R”, we finally
obtain

1 k
S i J e(u) J ks(u) J s(u)

Flr+1)e (1)

This shows that (5.7) also holds true for (k + 1) and completes the induction.
|

We can now prove the following compactness result:

THEOREM 5.4 Let {u:.} C L>°(R"™). Let us assume that

(5.8) SU%) {Fe(ue) + [Juelloo} < 00
£>

Then there exists {c;,} — 07 and w € GSBV (R"™) such that
ue, — u in L (R™).

PROOF: We have to show that {u,} is relatively compact in L*(A) for
every sequence {e;} — 07 and every A € R". To this end, it is enough to
show that there exists a constant M > 0 such that for all o > 0 there exists a
set K, C L'(A) such that

1. K, is relatively compact in L'(A), and
2. for all j € N, there exists v; € K, such that [ue; —vjl[114) < Mo,

Let us set

Ky, = {Csj[‘%]usj rgj < g} U U {ue, b

2
6j>%
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Let us show that K, satisfies (1). Since there is only a finite number of
gj > 7, it suffices to show that

K, = {Caj[g}usj rg; < %}

is relatively compact in L'(A). To this end, let us remark that K, C C*(A),
and moreover, by (5.2) we have that

(59) |,

< g lloo
o0

and since ¢;[o/e;] > §, by (5.3) we have that

(5.10) chgi[%]ugj

- < Ce ||u5jHOO‘

By the Ascoli theorem, K, is relatively compact in C°(A), hence in L'(A).
Let us show that K, satisfies (2) with

M = sup {8 (|42 + luclloo ) (1 F () }.

If e; > %, we can simply take v; = (5 Ife; < %, we can take v; =
Cc [g}uej. Indeed, by Lemma 5.2 and Lemma 5.3, we have that

& Z]
HC T g — e

< 80 (1A 4 g o) (1 7212

< 8 (|A\1/2 + ||u5juoo) (1 +F, (ugj)) < Mo .

L1

We conclude this section with a remark about the choice of the function
spaces.

REMARK 5.5 It is possible to consider the restrictions of 7. and MS) , to
the space L} (R™) with 1 < p < +o0. The results of Sections 3 through 5 may
be generalized word by word, but of course the I'-limit and the compactness
are intended to be in L} (R™).

We can also consider the restrictions to LP(R™). In this case the I'-
convergence results (with respect to the strong topology) are still the same,
but we can expect compactness only in LY (R™) (just observe that F. is

loc
invariant by translation).



FINITE DIFFERENCE APPROXIMATION 223

6 Applications to the Mumford-Shah Problem

Thanks to the general properties of I'-convergence, the results of the previous
sections lead to the following approximation of the minimization problem for
the Mumford-Shah functional:

THEOREM 6.1 Let 1 < p < +o0, and let g € LP(R™) N L>®(R™). Then for
every € > 0 there exists a solution u. to the minimum problem

6.1
Me = min {fg(u) +/ lu—g|Pdx :uw e BV(R"), [Du|(R") <
Rn

m | =

3

Moreover, every sequence {uc,} with {¢;} — 0% has a subsequence con-
verging in LL _(R™) to a solution of the minimum problem

(6.2) moy =
/2 (nt1)/2
i Vul2de + T HY(S / _gPda .
B e A A MO
Furthermore,
lim me = myg .
e—0
PROOF: Step 1. Existence of minimizers. By a truncation argument,

it is easy to see that we can restrict to the class of all u € L°°(R"™) such that
|t]lco < ]|g]|co- Since the functional

Few+ [ Ju—glds
R’ﬂ
is lower-semicontinuous in L{ (R™) (by Fatou’s lemma) and the set
1
{ueL2@)NBVE") : Julx < g, 1DuI®) < 2}

is compact in L{ (R"), the existence of minimizers follows from the direct
method of the calculus of variations.

Step 2. T'-convergence. We show that in Ll _(R") the functional

G (u) = {]—“a(u) +/Rn lu—g|Pdz ueBV(RY, [Dul(R?) <1

+00 otherwise
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I"-converges to the functional

7.‘_11/2

G(u) = 5

MS; z(u,R™) +/Rn lu — g|P dx .

The lim inf inequality follows from the T'-convergence of { .} and Fatou’s
lemma. The limsup inequality follows from the pointwise convergence of
{F:} if u € SBV(R™) and hence, by the usual truncation argument, for all
u.

Step 3. Compactness. Let {u.} be a family of minimizers for (6.1). In
step 1 we proved that ||uc||oc < ||g]|co- Moreover, since in (6.1) we can always
take u = 0, it follows that 7 (uc) < [|g[|}, so that

sup { Fe(ue) + ||ue|loo } < 00
e>0

By Theorem 5.4 the family {u.} is relatively compact in L{ (R™).

Step 4. Conclusion. By the general properties of I'-convergence (Theorem
2.7), any limit point of {u.} is a minimizer for (6.2) and m. — my.

The a priori restriction v € BV(R"), |Du|(R") < % has been intro-
duced in the minimum problem (6.1) only for technical reasons, i.e., to prove

existence of minimizers applying the direct method in Llloc(]R").

Open problem. Does the problem
(6.3) min {]—}(u) + / lu—glPdx:u € L}OC(R”)}
Rn

have a solution for every ¢ > 0 and every g € LP(R") N L*°(R")?

We know that the answer is yes if € is large enough (in this case it is possible
to apply the direct method with respect to the weak *-topology of L>°(R")),
but, unfortunately, this is not what we need in the approximation to (6.2).

Moreover, looking at the Euler equation for (6.3), one can prove that if (6.3)
has a minimizer that is continuous (respectively, differentiable, BV), then ¢
is necessarily continuous (respectively, differentiable, BV). This shows that
if g ¢ BV(R"), then the minimizers of (6.1) are not minimizers of (6.3).
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7 Generalizations

In this section we consider the family of functionals defined by

7. FH(u,Q) = l/gng (—(u(y) _gu(x))2> J.(ly — z|) dx dy,

3

1
loc

where {2 C R™ is an open set, u € Ly_.(2), e > 0, f and J are given functions,

and ) .
T.(t) = —J(—), W > 0.

en €

On the functions f and J we make the following assumptions:

(Hp-f) f : [0,400[— [0,+0c0] is a continuous, nondecreasing, subadditive
function such that f(0) = 0, f(¢) > 0 for every ¢t > 0, and there exist
the following limits:

Foy=tim B >0, g = im0

(Hp-J) J : [0, +00][— [0, +o0] is measurable, and for every k € N the follow-
ing integrals are finite:

(7.2) jk) = / - tkJ(t) dt .

0

Moreover, let us assume for simplicity that
(Hp-€2) the open set € is convex.

If f(t) = arctan(t), J(t) = e, and Q = R, then the functionals F. of
(1.3) may be written as in (7.1) setting y = x + &€£.

All the results of the previous sections (in particular, pointwise conver-
gence, ['-convergence, compactness, and approximation of the Mumford-Shah
problem) may be generalized to the family {F/*/(u,Q)}. In this case the
pointwise limit and I'-limit (with respect to the usual topology of Li. .(£2)) is
M Sy . (u, ) with

)‘:f/(o)wnj(nJrl)a p = 2foo wn—13(n),

where wy, denotes the Lebesgue measure of the unit sphere in R¥, and j(k) is
given by (7.2).
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Moreover, if we restrict FJ7/ (u, Q) to LP(£2), we can prove a compactness
result analogous to Theorem 5.4 with respect to the strong topology of LP(£2)
provided that €2 is bounded. Indeed, in this case the family {a.} C LP(R™)
obtained by extending the u.’s to zero in R™\(2 still satisfies (5.8). Therefore
{a.} is relatively compact in L} (R™) (see Remark 5.5). Since 2 is bounded,

{uc} is relatively compact in LP(£2).

REMARK 7.1 These results are false for a general open set §2. For example,
let us take f(t) = arctan(t), J(t) = e %", and Q = R\{0}, and let us consider

the function
0 <0
uty=4, "
1 =>0.

It is clear that M Sy ,,(u,€2) = 0 for all A and p. On the other hand,
FH (w, Q) = FI (w,R);
hence, by Theorem 3.6,

lim F/7(u, Q) = lim FI (u,R) = MS =
2

e—0t et ¢

(u,R) = g

s
2

This shows that M S z , (u, ) is not the pointwise limit of FZ*/(u, Q2).

bl

The assumptions (Hp-f) and (Hp-{2) are far from being optimal. In partic-
ular, all the convergence, compactness, and approximation results remain true
if the monotonicity and subadditivity assumptions on f are dropped (but some
proofs become more cumbersome!). The same results also hold true if §2 is
not necessarily convex but satisfies the following:

(Hp-2)" the open set ) is bounded and smooth.

Another possibility is to restrict the domain of integration in (7.1) to the
set

{(z,y) e A xQ:Vte[0,1], te + (1 —t)y € Q}.

Roughly speaking, this means that « and y interact if and only if they see
each other. With this choice all the theory works without any restriction on 2.
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