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Abstract

In this thesis the problem of segmenting 3D medical images will be treated. Image seg-
mentation is the process of dividing an image into subsections based on intensity values.
Two methods will be tested and compared with available software.

Medical imaging is a fast growing field and there are a number of possible applications.
As Magnetic Resonance Imaging (MRI) is still developing, the quality is improving, but
there are many factors making the segmentation process difficult. When segmenting
medical images, one normally wants to identify the different tissues in the image.

We have worked with 3D MR images of the brain. These are large matrices and they
need a lot of memory and a fast processor. Three algorithms will be presented. The first
method based on algorithm 1 and 2 has a relatively slow convergence. This slowness is the
motivation for the second method, where the problem is solved using operator splitting.
As we will show, this results in shorter computational time.

We will give an introduction to MR imaging and to some of the important applications
in image processing. One of the images we tested is a real MR image. Another one is a
synthetic image, designed to be similar to a real one. As we will see, the real MR image is
much more difficult to segment, mainly because of more noise, but also because there is no
exact answer to the segmentation. This means that if this real MR image was segmented
manually by medical doctors or radiologists, we would end up with different results. For
the synthetic image, this is an easier process, because the different segments, or phases,
are known. In our case, there are 3 interesting phases in the brain, the cerebrospinal fluid,
white matter and grey matter. The background is sometimes the 4th phase, otherwise
this will be the same phase as the cerebrospinal fluid.

The goal of this thesis has been to improve the algorithms, extend them from 2D to 3D,
compare with existing methods, and also to see if they can be used for real applications,
like the real MR image. There has been a focus on using few iterations to get a satisfying
result.

The main idea behind both methods presented in this thesis is the minimization of a
constrained functional of the form

1
F:—/|u—u0|2dx+ﬁR,
2 Jg

where ug is the initial image, and u changes during iterations. So the first term is an
approximation term and R is a regularization term. We will use a newly developed
level-set-method to solve this problem.

il
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Chapter 1

Introduction

The history of MRI started in 1946, when Felix Bloch and Edward Purcell independently
discovered the magnetic resonance phenomenon, a spectroscopic technique used by scien-
tists to obtain microscopic chemical and physical information about molecules. They were
awarded the Nobel Prize for this in 1952. Between 1950 and 1970, NMR (nuclear mag-
netic resonance), was developed and used for chemical and physical molecular analysis.
In the late 70’s, the name changed from Nuclear magnetic resonance imaging (NMRI) to
Magnetic resonance imaging (MRI) because of the bad associations with the word nuclear.

A big medical breakthrough was achieved in 1971, as Raymond Damadian showed
that there are differences between tissues and tumors observable with MRI. In 1973, the
x-ray based computerized tomography (CT) was also introduced, and hospitals became
interested and invested a lot of money in medical imaging hardware. In 1980, imaging of
the body was demonstrated.

In the beginning, MRI was a tomographic technique, that is it produced an image
of the NMR signal in a thin slice through the human body. Today, it has developed
into a volume imaging technique. In this thesis we will look at MRI’s of the brain, both
synthetic and real volume images.

In this thesis we will manly focus on images obtained with MRI. It is not crucial for
the results of this thesis to understand this technique, but a brief discussion will still be
given, because it is so widely used in hospitals all over the world.

1.1 Magnetic resonance imaging

As explained in the introduction, Magnetic resonance imaging (MRI) is used extensively
to obtain images from inside the body [14]. The image in figure 1.1 is an axial synthetic
brain MRI (one slice of the volume image).

The technique is based on nuclear magnetic resonance signals from hydrogen nuclei.
These nuclei are abundant in water and fat, which we have a lot of in the body. A prop-
erty of these nuclei is that they possess nuclear spin. Spin is a fundamental property of
nature like electrical charge or mass. It is described by multiples of 1/2 and can be +
or -. Protons, neutrons and electrons possess spin, and together they can form particles
with spin (or no spin, if it is eliminated). When placed in an external magnetic field,
particles with spin can absorb a photon. The frequency, v, of this photon, depends on
the gyromagnetic ratio®, ~y, of the particle and the strength, By, of the magnetic field.

IThe ratio of the magnetic dipole moment to the mechanical angular momentum of a system.
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Figure 1.1: Brain MRI

v =1 By

The spin causes the particle to act as a small magnet with a north and south pole. In
the external magnetic field, the spin of the particle aligns itself to this magnetic field, like
a magnet. When the magnetic poles of the particle are aligned in the opposite direction
of the external poles, it is called a low energy state. For the other case, it is called a high
energy state. Transitions between these two states happen when the particle absorbs a
photon.

A group of spins experiencing the same external magnetic field is called a spin packet.
At any instant in time, the magnetic field due to the spin in each spin packet can be rep-
resented by a magnetization vector, and when one add these up, we get what is called the
net magnetization. The net magnetization vector lies, at equilibrium, along the direction
of the external magnetic field By.

By exposing the system to energy of a frequency equal to the energy difference between
the two spin states, the net magnetization vector can be changed. It can also be changed
by changing the external magnetic field, or by adding a different magnetic field to the
existing one.

The Bloch equations can be used to describe the magnetization vector under any
conditions:

dM, M,
g (Wom @My ==
dM, M,
= — —w)M, + 27vB M, — =L
7 (wo — w) + 27y B, 7
dM, (M, — M.,)
= 2mvByM, — ——=2~
dt TPy T
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where M/, M, and M, are the 2z, 3y (' indicates rotating coordinate system) and z
components of the equilibrium magnetization. 7T and T5 are time constants, B is the
strength of a magnetic field and w and wy are frequencies.

One way of getting the positions of the spin is by using a one-dimensional linear
magnetic field, also called a field gradient. This gives us a variation in the external
magnetic field. In figure 1.2, we imagine that there are three particles in the head that we
are interested in. In reality the whole head would contain a signal. Because the frequency

|
G ——s

Field Gradient

Figure 1.2: A magnetic field gradient is applied to find the position of the spins (marked
as red dots). In the left image, the length of the vectors represents the magnitude of the
magnetic field. The NMR spectrum under the right image is obtained either by sending a
constant frequency into our magnetic field, and varying the magnetic field, or the opposite.

of the photons that the particles can absorb is dependent on the magnetic field, it will be
dependent on the position of the spins. The field gradient is represented by G,.

v ="(By+ 2G,) = vy + y2G, (1.2)
VvV — 1)
_ 1.
x . (1.3)

One way of performing MRI is called backprojection imaging. In this technique, the
object is placed in a magnetic field. Then a one-dimensional field gradient is applied at
several angles, and for each of them, the NMR spectrum is recorded.

Another way of performing a MRI is with the use of a phase encoding gradient. This
gradient will be in By. The following technique is an example of this method.

1.1.1 Fourier transform tomographic imaging
A sequence of this type of imaging looks like this:

1. Slice selection gradient and slice selection radio frequency (RF) are applied. The
slice selection gradient is always applied perpendicular to the slice plane. The RF
pulse rotates only those spin packets within the object that satisfies the resonance
condition. The location is given by

Av
vG

z =
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Figure 1.3: Backprojection imaging

Where A v = v - 1, G is the magnitude of the slice selection gradient, and v is
the gyromagnetic ratio. Now the spin packets rotate with the same frequency.

2. Slice selection gradient and RF pulse are turned off, and a phase encoding gradient
is turned on along one of the sides of the image plane. This makes the spin packets

in the slice rotate at different Larmor frequencies?®.

3. The phase encoding gradient is turned off. Now the spin packets precess at the same
frequency, but they are in different phases. Also a frequency encoding gradient is
turned on. This gradient is applied along the remaining edge of the image plane.
If this is applied in the Y-direction, the spin packets will start to rotate with a
frequency dependent on their position in the Y-direction.

A simple Fourier transform is capable of determining the phase and frequency of
a net magnetization vector somewhere in the slice. For each location in the slice
there is a need for a different magnitude of the phase encoding gradient. For each
of them a free induction decay (FID) is recorded. Free induction decay is a function
of time, representing the current induced in coil of wire located around the x-axis
(given that the transverse magnetization rotates about the z-axis). This will be a
decaying sine function.

The next step is to Fourier transform these FIDs to get a picture of the locations
of the spins. This is done by first transforming them in one direction to get the
frequency domain information, and then in the phase encoding direction to get
information about the locations in the phase encoding gradient direction.

This technique, also known as gradient recalled echo, is very often used in volume
imaging, as we will look at later in this work.

2The rotation frequency about the Z-axis of the net magnetization when placed in the XY-plane. This
frequency is equal to the frequency of the photon which would cause a transition between the two energy
levels of the spin.
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1.1.2 Signal intensity

To be able to distinguish one tissue from another, the signal intensity has to be calculated.
For the method presented, we get it from

~TR —TE
kp(1 —e ™ )sinf e T
S = TR

1—cosfe™n

where S is the amplitude of the signal in the frequency domain spectrum, k is a
constant, 71, Tb and p are specific to a tissue or pathology, € is the rotation angle of the
instrument in use, T'R is the repetition time, T'E is the echo time and T5* is dependent
on the homogeneity of the magnetic field and the molecular motions.

1.2 Image Processing

With the development of MRI and computers, and the increasing knowledge of diseases
like cancer, there is also an increasing interest in image processing. This field has a wide
range of applications, not only in medicine. We will now look at a few techniques and
applications.

1.2.1 Segmentation

In this thesis we look at tools for segmenting images. What does this mean? If one
assumes that an image €2 consists of subsections €2;, where in each subsection the image
intensity is more or less constant, and we are interested in identifying these different
subsections, image segmentation is a helpful tool. In digital images with little or no noise
this is a small problem, but the challenge grows if noise is present.

Figure 1.4: The image to the left is a brain with noise, and the one to the right is a
segmented brain.

An example is a MR image of the brain, where one wants to identify the cerebrospinal
fluid, the white matter and the grey matter for several applications. Several ways of
segmenting such images are available, but in this thesis, we concentrate on minimization
of functionals. Another application is the recognition of letters in e.g. a car plate.
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Figure 1.5: Noisy image (left) and image without noise (right).

1.2.2 Denoising

Noise occurs in MRI because of different reasons, the most important are
e inaccuracy in measurements and computer calculation errors
e the different apparatus in a MRI machine affecting each other

e for a normal 2D-image, normally 3-8 recording sequences are made, and the average
of those are used. If the person is not lying still, the images will differ much.

The relation between the true image u, the noisy image uy and the noise € is defined as
Uy = u + €. (1.4)

When acquiring a MR image, the information is first collected in the computer in a
k-space matrix, where the data is in the time domain. Here one can assume that the
noise is Gaussian distributed. To get the final image, Fast Fourier transformation takes
the data into the space domain. Now the noise is not Gaussian distributed anymore,
which means that the noise may vary from one tissue to another.

A normal assumption is that the noise is characterized by fast oscillations with respect
to intensity values, and edges are slow oscillations or discontinuities in the image. So for
methods dealing with noise, it is important to take this into consideration. In addition to
smooth out fast oscillations and preserve edges, regions with smoothly varying intensity
should also be preserved.

Different methods have been proposed for denoising. Among others are a modified
diffusion equation in [21]. and the heat-equation has also shown promising results. Among
the nonlinear problems we find the Total Variation (TV-filter).

1.2.3 Inpainting

Inpainting is the term used for techniques to repair images that have lost an area due to
a crack, dust, something that has been removed (e.g. text) or other reasons. How should

one fill this area(s)? As when done manually, there are several aspects to consider when
doing this [3]:

e the global picture decides how to fill the gap, €2,

e structure of the area surrounding the gap is continued into the gap,
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e the different regions inside the gap, defined by contour lines, are filled with the
colour matching those of the boundary, 0f2, and

e texture should be added

Figure 1.6: Example of application of inpainting.

1.2.4 Registration

Registration is a technique for aligning images in a more comparable way [24]. The
reason that this is needed is that two images of a human brain are not equal even if
they are acquired from the same person at two sessions with minimal time difference.
This is because it is impossible to have the person’s head positioned in exactly the same
orientation at two different examinations when the head has been repositioned in the head
coil. Comparing images of the same subject taken at different times in order to detect
any changes is called intra subject analysis, and the opposite, inter subject (see figure
1.7) analysis is comparing images from different subjects.

The main goal of an image registration is to find a transformation 7" that will align
the images in the expected way. The transformation we seek is actually a transformation
of the coordinates of each sampled point to new coordinates, which will give us a new
intensity value.

For inter subject studies, one often uses an atlas or template. This is a standard organ,
e.g. a brain, which is constructed from a number of brains and given in a fixed coordinate
system to contain information about the physical properties.

The transformation strategies can be divided into intensity-based (voxel based) and
model-based algorithms. In intensity-based algorithms the intensity of the voxels are
used to compare the two images we want to match, and in the model-based algorithms
the idea is to first extract explicit geometric models representing separate anatomical
structures, e.g. curves, surfaces or landmarks. These elements are then matched with
their counterpart in the other image.

Examples of registration methods are Rigid, affine and elastic transformations. See
[24] for further details.

The output of the registration is a correspondence function 7' that takes each point
x in one image and finds the correspondent point 7'(x) in another image. Sometimes the
transformation is measured by a displacement vector u such that 7'(x) = x + u. This
displacement vector u expresses the 3D movement at point x.
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Figure 1.7: Example of application of registration. These images are scans of two different
human brains. The images shown are the sagittal view of the central slice of each MR
volume. They look quite different, also when we compare anatomical structures inside
the brain.
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Figure 1.8: The diffusion ellipsoids (left) and an application of diffusion tensor imaging
called fiber-tracking (right).

1.2.5 Diffusion tensor imaging

Water molecules diffuse differently in different tissues, and is also greater along fibres than
across fibres (anisotrophy) [15] [12]. A MRI scanner can detect this anisotrophy, and from
the data aquired one can, for each voxel, construct a 3x3 matrix called the diffusion ten-
sor. This is a symmetric, positive definite matrix whose eigenvalues/eigenvectors describe
the magnitude/direction of diffusion. By doing an eigenvalue decomposition, one can
visualize the diffusion in each voxel by a diffusion ellipsoid. One application is called
fibre-tracking, and here one follows the direction of the eigenvector corresponding to the
largest eigenvalue.



Chapter 2

Mathematical tools

In this chapter, we will look at the mathematical tools used in the segmentation algo-
rithms. From the idea of minimizing a constrained functional, we look at some functional
analysis and Langrange’s multipliers. As we look for saddlepoints of the Lagrangian func-
tional, we will use the method of steepest descent and Newton’s method. The latter is
explained briefly in this chapter. The operator splitting scheme is explained in general
here and more exact in the algorithm chapter. Also, how the Euler-Langrange equations
are found from the classical problem of minimizing a functional in calculus of variations
is explained. Important is the result that finding the minimum is the same as solving a
certain PDE. At last, the idea of level sets is outlined. But first, we explain the Green
identities, used in later calculations.

2.1 Green’s identities

Let (A, Ay, A3) be the three components of a vector field over some portion of the three-
dimensional space in terms of a cartesian coordinate system (z7,xs,x3). The divergence
theorem (see [4]) requires that, for continuously differentiable functions A;(x1, 2, z3), the
integral of the divergence of A over any volume V' be equal to the outward flux of A over
the surface S of that volume, i.e.

8A1 aAQ aA3 /
/V (8951 * 0y * 83:'3) v S( 111 + Agng + Agng) dS, (2.1)

where (n1,ns,n3) are the three components of the outward unit normal vector for the
surface element 0S. (We assume S to possess a tangent plane at each point.) For two
dimensions, the volume and surface integrals are replaced by area and contour integrals,
respectively.

Example 2.1 Let ¢ be scalar and define A to be the gradient of ¢, i.e. A; = %, for
i=1,2,3. Then (2.1) becomes

/ ApdV = %dS.
v 5 On

Example 2.2 Let A; = ¢p2% i =1,2,3, where ¢ and ¢ are scalars. (2.1) then becomes

811' ’

86 Oy 96 Y O O o
/V dADdV + /V ( 5. 5m. * 502 90; T B mg) dv = /S 65 dS.  (22)

9
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If we rewrite the last equation with ¢ and 1 interchanged and subtract the two results, we
get

o aqs)
A —pAg)dV = — —— | dS. :
[ v vagyav = [ (638 - vt 2.3)

(2.2) and (2.3) are referred to as Green’s first and second identity.

Example 2.3 In (2.2), we set ¢ = u and Vi =v. We then get

/udivvdv+/Vu-vdV:/u(U-n)dS. (2.4)
v v s

2.2 Functional analysis

Definition 2.2.1 Linear vector space. A linear vector space W over a scalar field %
is a nonempty set W with a mapping: (X1,Xz) — X1 ® Xo from W x W into W (addition),
and a mapping: (o, x) — ax from F xW into W (scalar multiplication). These mappings
satisfy the conditions:

l.z®y=yduz, for allz,y € W (the commutative property)

2. (xdy)®z=2d(yd2), for all x,y,z € W (the associative property)

3. For each x € W, there exists a unique element 0 in W such that t 80 =00z =2z
(the existence of the zero element 0)

4. For each x € W, there is a unique element —x € W such that x & —x = 0 (the
existence of an inverse)

5. a(fx) = (af)x for allx € W and all o, f € F
6. (a+ B)xr=ax® Pz forallx € W and all o, f € F
7. a(r®y) =ax ®ay forall z,y € W and all « € F

8. 1oz =x for all x € W, where 1 is the unit element of the scalar field .F .

Definition 2.2.2 Normed linear space. A normed linear space is a linear vector space
X with a norm ||-||x on it, and is denoted by (X, ||||x)-

Definition 2.2.3 Cauchy sequence. A sequence {x,} of elements in a normed linear
space (X, |||lx) is Cauchy if

|zn — Zm|lx =0 asm,n — oo (2.5)

All convergent sequences are Cauchy, but all Cauchy sequences need not converge to a
point in the space.

Definition 2.2.4 Banach space. A Banach space is a complete! normed linear space.

1To have completeness in a space, all Cauchy sequences must have limits in the space.
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Definition 2.2.5 Hilbert space. A Hilbert space is an inner product space which is
complete as a normed space under the induced norm.
Properties of inner products

1. (x,y) =0 for all x € S implies y = 0
2. [z, )| = llzll Iyl (Schwarz inequality)
S Nz +y|* + ||z —y|* = 2||z||* + 2||y||* (parallellogram law)

4. If the norm in any space satisfies the parallellogram law, then it is always possible
to consider the space as an inner product space, with inner product

1 . . ,
(w.y) = 7 (le+yl* = llz —yl* + e+ iyl* — ile = iy]*) . (2.6)

Definition 2.2.6 L2. The space of real-valued, square mtegmble functions on 2, denoted
by L*(Q), is a Hilbert space under the inner product (f, g)r> = fQ x)dz, and the

induced norm || f||z2 = 1/ [ [(z)>da.

Definition 2.2.7 Convex functional. J : C' — R is a convex functional if

J(rfi+ (1 =7)f) <7J(fi) + (1 —=7)J(fa) (2.7)

whenever f1, fo € C and 0 < 7 < 1. J is strictly convex provided the inequality (2.7) is
strict whenever fi # fs.

A set C is convex provided 7f1 + (1 — 7)fa € C whenever fi, fo € C and 0 <7 < 1.
C' is closed if for any convergent sequence {f,} C C, lim,_ f, € C.

2.2.1 Derivatives

To solve the constrained minimization problem, we need to find the derivative of a func-
tional, also called the Gateaux derivative. In [16] we find the following

Definition 2.2.8 Gateaux derivative. Let D(F') be the domain of F'. Assume that for
all h € D(F) we have

lim F(xzo+ €h) — F(xg)

e—0 €

= DF(x0,h) , x0 € D(F), (2.8)

where DF(xg,h) is a linear operator with respect to h. Then DF(xo,h) is called the
Gateauz differential of F(x) at xo, and the operator is called Gateaux differentiable. De-
noting DF(xg, h) = F'(x¢)h, we get the Gateauz derivative F'(xy).

The definition of Gateaux derivative is clearly valid for functionals. Suppose ¢(z) is a
functional which is Gateaux differentiable in a Hilbert space and that D¢(x, h) is bounded
at ¥ = xy as a linear functional in h. Then by Riesz representation theorem?, it can

2Riesz representation theorem: Let ¢(z) be a continuous linear functional given on a Hilbert space
H. There is a unique element f € H such that

o(x) = (z, f) for every x € H.

Moreover, ||¢]| = || f]|-
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be represented in the form of an inner product, denoting the representing element by
grad ¢(xo), we get
Do(xo, h) = (grad ¢(xg), h). (2.9)

By this, we have an operator grad ¢(x,) called the gradient of ¢(x) at z.
Example 2.4 F(¢) = [, A\K(¢)dx. The Giteaux differential of F' with respect to ¢ is

K(¢+e) — K(¢)
€y

where NK'(¢) is the Gateauz derivative with respect to the L* inner product.

DF($,%) = A / lim

Q e—0

vde = [ AK(0)u da,

Example 2.5 F(¢) =% [ |K(¢)]?dz. The Gateaux differential of F' with respect to ¢ is

DF(6,1) = g/ﬂhi% ’KWHWE — K@)
_ i/hm(lK(cbﬂ@/))l ~ K@) (Ko +ep) + K@D, o
Q0 €y
~ [ @K @,

where rK'(¢)K () is the Gateaur derivative.

Example 2.6 F(¢) = 35 [,|u—uo|*dz, where u = u(c,¢). The Gateaus differential of F
with respect to ¢ is

D(oy0) = } [ 1y e0 ) ol d) ol

Q€0 €

_ 1 / lim (’LL(C, ¢ + EW — U — U(C, ¢) + uO) (U(C, ¢ + €¢) — Uy + U(C, ¢) B u0)2 : ¢
Q

2 e—0 Ew
— 5 [t MELELZHED 6 4 e0) + (e, 0) — 200) v
= Qg—g(u—uo)wdﬂf;

where g—g(u —up) 1s the Gateauz derivative.

In order to make sure that differentiable functionals are continuous we now introduce
a stronger concept of derivative: Fréchet derivative [10].

Definition 2.2.9 Fréchet derivative. Consider v : X — Y, where both X and Y are
normed linear spaces. Given x € X, if a linear operator Du(x,h) exists which is contin-

uous, such that

lim lu(z + h) — u(x) — Du(z, h)|ly
I —0 2| x

then w is said to be Fréchet differentiable at x, and Du(x,h) is said to be the Fréchet
differential of w at x with increment h. So Du(z,h) € Z(X,Y)3, and it is easy to see
that if the Fréchet differential exists, then so does the Gateaux differential, and the two
are equal. Moreover, if u has a Fréchet differential at x, then u is continuous at x.

=0, (2.10)

3The normed linear space . (X,Y) is the space of bounded linear transformations T : X — Y with
— I Tz|ly
the norm ||T'|| = supzex
z#0

lzllx
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Finally, we include a theorem that is important for our purpose - finding extrema of
a functional.

Theorem 2.2.10 If the functional f : X — R has a minimum or a maximum at x € X,
and D f(x,h) ezists, then Df(z,h) = 0.

2.2.2 Dual representation

Let ¢ be a convex functional defined on a convex set C' C R%. For our purposes, d = 1,2

or 3, C =R% and (see [30])
p(x) = 5u(IxP) (211)

with [x[? = x"x = 320, 2.

Definition 2.2.11 The conjugate set C* is defined by
C* = {y € RY| sup[x’y — o(x)] < oo}, (2.12)
xecC

and the corresponding conjugate functional to ¢ is
#"(y) = sup{xy —p(x)}- (2.13)
xXE

This functional is also known as the Fenchel transform of ¢ and has the conjugate set C*
as its domain.

One can show that the conjugate set C* and the conjugate functional ¢* are, respec-
tively, a convex set and a convex functional. The corresponding second conjugates are
defined in the obvious manner:

O = (¢")" and C™ = (C*)". (2.14)
In a finite dimensional Hilbert space setting, one can show that o™ = ¢ and C** = C.
Consequently, from (2.13) we obtain the dual representation

p(x) = sup {x"y —¢*(y)}. (2.15)

Now, let ¢(x) = |x|. By the Cauchy-Schwarz inequality,
x'y — x| < (Iy| - DI, (2.16)

with equality if and only if y = ¢x for some ¢ € R. If |y| > 1, one can make (2.16)
arbitrarily large by taking y = cx and letting ¢ increase. If |y| < 1, then (2.16) is zero or
negative, and its maximum value of zero is attained for x = 0. Hence

{0 if [y < 1,

T — =
Sup X7y = xF = G i fy] > 1

x€R?

From definition 2.2.11, we see that the conjugate set must be the unit ball,
C* = {y e RY|Jy] < 1}, (2.17)

and thus the conjugate functional ¢p*(y) = 0 for each y € C*. Putting this into the dual
representation (2.15), we get
x| = sup x"y. (2.18)
ly|<1
We will use this result in the next section, finding an expression for the total variation
norm.
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2.2.3 TV Norm
In [30] we find the following definition of the total variation of a function f defined on

the interval [0,1]:

= Supz |f(z;) — fziz)], (2.19)

where the supremum is taken over all partitions 0 = 2o < 1 < ... < x, = 1 of the
interval. If f is piecewise constant with a finite number of jump discontinuities, then
TV(f) gives the sum of the magnitudes of the jumps.

Figure 2.1: Example of two functions with the same TV norm. The blue line represents
f(z) = sinx, and the black is a linear and piecewise differentiable function with the same
local extrema as f.

In case the function f is smooth, the right-hand side of (2.19) can be multiplied by
Ax; = x; — x;_1 and take the limit as the Az; — 0 to obtain the representation

TV (f) = /

and the generalization to two space dimensions is

',

o|d (2.20)

1 1
TV(f) = / / |V f| dz dy. (2.21)
o Jo
Definition 2.2.12 For a function f € L'(Q) the total variation is defined by

= sup/ f divv de, (2.22)

veV

where the space of test functions

V ={ve C;(QRY | ju(z)| <1 for all z € Q}. (2.23)
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We use the dual representation (2.18) for the Euclidean norm and, like in (2.4), formally
apply integration by parts to get

/|Vf|dm:/supr-vdx (2.24)
Q Q |v|<1
= sup [ f (U-n)dS—/fdivvdx} , (2.25)
wj<1 LJog Q

where 0f2 denotes the boundary of 2 and n denotes the outward unit normal to 9. If v
is compactly supported in 2, then the boundary integral term vanishes. Note that |v| <1
if and only if | — v| < 1, so we can drop the minus sign to obtain (2.22).

2.3 Euler-Lagrange equations

In the traditional setting of minimizing a functional, some equations called the Euler-
Lagrange equations can be solved to find this minimum. Here is the background for
this.

The following lemma is called the fundamental lemma of calculus of variations [10].

Lemma 2.3.1 Ifv € Cla,b] and fabv(t)h(t)dt =0 for all h € C'[a,b] with h(a) = h(b) =
0, then v(t) = 0.

Proof: Suppose by contradiction that v(¢) > 0 for some ¢ : a < ty < b. Then there exists
an € > 0, such that v(t) > 0 on [ty — €,ty + €|. Let us define

f (t—tot+ e (to—e—1t)* ifteEto—eto+e
ht) = { 0 else.

Then h € C'a,b] and h(a) = h(b) = 0, but

/ bv(t)h(t)dt >0,

which is a contradiction.
Now, let u : R* — R have continuous second partial derivatives with respect to all
variables, and consider the functional f : C'[a,b] — R, defined by

b
flz) = / w(z(t), (), ¢) dt (2.26)

The classical calculus of variation problem is to minimize this functional, where we mini-
mize over the class of curves x belonging to I

F—{ x : [a,b] — R such that x € C'[a, b }

and z(a) = x1, x(b) = z2. (2.27)

If we minimize in this class then we must consider variations or pertubations of x of the

form z + h, where x + h € T, that is, we require h € C'[a, b] and h(a) = h(b) = 0.
To find the minimum, we need

f@+h) - f(z) = / [u(a(t) + A1), 2(8) + h(t), 1) = u(x(t), 2(8),0)] .
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which by Taylor-expansion can be expressed as

*Tou ou . .
flx+h)— flx)= / {% (x(t),2(t),t) h(t) + 9 (x(t),2(t),t) h(t)| dt + r(h, h),
where r(h,h) = o (IIh]lcfap), that is
h,h
m — 0 as ”h”C[a,b] — 0.

Hence, from (2.10),

Df(z,h) = / {%(x(t),i(t),t)h(t)+%(x(t),:t(t),t)h(t)} dt.

Integration by parts yields

Df(x,h) = /ab [% - % (%)} h(t) dt + %h(t)

In case h(a) = h(b) = 0, the last term vanishes, and from theorem (2.2.10) we have that,
if f has an extrema at x, the differential in (2.28) must equal 0. Moreover, from lemma

(2.3.1) we have that
ou d [0Ou
g di (a—x) =0 (2:29)

(2.29) is called the Euler-Lagrange equation for this problem. In other words, the mini-
mizer of the functional in (2.26) is also the solution of the PDE in (2.29).

This is the classical case. In our case we apply the steepest descent method to our
minimization problem, i.e. for a functional F'(c, ¢) we want to solve

b. (2.28)

a

oF oF

— =0 d —=0. 2.30

de M B4 (2:30)
As we will see later, the minimization with respect to ¢ can be solved exactly, and for the
minimization with respect to ¢ we define

OF

Gy = s (2.31)

and look for a steady-state, i.e. ¢; = 0.

2.4 Newton’s method

To find a root of the equation f(x) = 0, e.g a zero of a function f differentiable near
the root, the Newton’s method can be used (see [1]). We will first explain the basic idea
before we go on to see how this can be used to solve our minimization problem.

The tangent line to y = f(z) at * = o has equation

y = f(xo) + f'(w0)(z — 20)
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Figure 2.2: Finding the root of f(x) = x? with Newton’s method, with zg = 4. See how
x1 and x5 are found by following the tangent line of the previous point until y = 0.

From figure 2.2 we see that the point (z1,0) lies on this line. This gives us

f (o)
f'(@o)

Ty = Ty —

This produces an iteration, where

n

If the limit lim,,_,o z, = r exists, and f/f’ is continuous near r, then r must be a root of

f, because
r
r= lim z,,; = lim z, — lim f(r)
n—oo n—oo

n—oo f/ (7")’
from which it follows that f(r) = 0. Furthermore, defining g(x) = f'(x) and calculating

9(wy,)
gl(xn)’

Tpn1 = Ty —

will then give us an extremum of f if it exists, and f'(z)/f”(x) is continuous near the
extremum.

In this thesis we are treating functionals, so consider (see [30]) the quadratic functional
J :R®™ — R, such that

J(£) = c+ (b, f) + %(Af, ), (2.32)

where ¢ € R, b, f € R” and A is a symmetric matrix. Note that A is the Hessian of J(f).
We can approximate a function f(x + k) using a Taylor series:

Flo+ k) & F@)+ F@)k+ 3 "R (233
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Assuming z is known, we can define the right hand side of (2.33) to be g(k). Similarly,
let s € R™ and consider the quadratic approximation to the functional J(f, + s),

Qn(s) = J(f,) + (VJ(£,),s) + %(Hess J(£,)s,s),

where f,, is an estimate for the minimizer of J and Hess denotes the Hessian matrix. If
Hess J(f,) is positive definite, then @,(s) has a unique minimizer which satisfies

VJ(f,) + Hess J(f,)s =0,

which can be verified by calculating the Gateaux derivative of @, (s) with respect to s. If
we take f,, +s as the new estimate for the minimizer of .J, we obtain the Newton iteration

£, =1f, — [Hess J(£,)]'VJ(£,), n=0,1,... (2.34)

Newton’s method in this form has some negative aspects, e.g. convergence is guaran-
teed only for fy sufficiently close to a local minimizer f,, and it might be quite expensive
to compute Hessians H = Hess J(f,,) and solve linear systems Hs = —V.J(f,) to obtain
the Newton steps s.

2.5 Lagrange multipliers

The goal in this thesis is not only to find the minima of some functionals, but also to
make sure that a certain constraint is fulfilled. The reason for the constraint will become
clear in section 2.6. For the minimization (or finding extrema of) functions as well as for
functionals, there is a very helpful tool in Lagrangian multipliers.

So, to find the solution of a constraint minimization problem, we will use Lagrange

multipliers [2]. If a scalar field f(z1,...,z,) has a relative extremum when it is subject
to m constraints, say
g1y, x) =0, ..., gm(z1,...,2,) =0, (2.35)
where m < n, then there exists m scalars Ay, ..., \,, such that
Vf=MVg +...+ XV, (2.36)
at each extremum point. The scalars Ay, ..., \,, are called Lagrange’s multipliers.
We will explain this with an easy example. The solution to the problem in figure 2.3
max f(z,y) (2.37)
9(z,y)=0

is found in the point where the level curves of f and g meet. In this point Vg and V f must
be perpendicular to the level curves. If not, one could decompose one of the gradients in
a component along the level curve and a component perpendicular to this. The gradient
does not have a component along the level curve, because then the function value would
not be constant along the level curve. So Vg and V[ are parallel. They can, however,
point in different directions and have different lengths. Then we must have

for some scalar \;.

In practise, the extremum is found by solving the system of n + m equations obtained
by taking the m constraint equations found in (2.35) along with the n scalar equations
determined by the vector relation (2.36).
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Figure 2.3: For a function f and another function g, some level curves are displayed. To
find the maximum of the function f where g = 0, we see that the maximum of f on the
zero level curve of g must satisfy Vf = AVg.

2.6 Level set methods

2.6.1 The original idea

Osher and Sethian proposed a level set method in [25]. This is a very helpful tool for
separating a domain () into subdomains, e.g. according to intensity values in an image.
The basic idea, found in [17], is to define a function ¢(x), whose zero level set represents
an interface I'. This implies that

¢(x) >0, xinside T,
¢(x) =0, xonl,
¢(r) <0, xoutside I

Often ¢ is required to be the signed distance function to the interface

¢(x) =d(T,x), xinsideT, (2.39)
¢(x) =0, xonl, (2.40)
¢(x) = —=d(I',x), xoutside I, (2.41)

where d(I', z) is the Euclidean distance between x and I'. By doing this, we ensure that
there is a one-to-one correspondence between the the function ¢ and interface I', and the
level set function ¢ satisfies the Eikonal equation

Vo= 1. (2.42)

Finding the solution to (2.42) can be done by solving the following initial value problem
to steady-state

¢+ sgn(0)(|Ve|-1) = 0, (2.43)
¢(,0) = ¢(x), (2.44)
where ¢ may not be a distance function. However, when the steady state of (2.43) is

reached, ¢ is a distance function having the same zero level curve as ¢. This is known as
the reinitialization procedure.
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-5 0
10

-10 10

Figure 2.4: The distance function ¢, where the distance is with respect to I', a circle in
the xy-plane with center in origo and radius = 10.

The interface I' is implicitly moved according to the nonlinear PDE

where v(¢) is a given velocity field depending on e.g. geometry, position, time and internal
or external physics. (2.45) is often modified to just include the velocity normal vy to the
interface I

¢+ un(9)Ve = 0. (2.46)

For cases with more than two subdomains, like in [18], we can introduce more curves
and level set functions. For 4 subdomains, we introduce I'; and I'y associated with the
level set functions ¢;, i=1,2, in the following way

Q= {$ € Q, ¢1 > 0, qbg > 0}, 0y = {l’ € Q, ¢1 > 0, ¢2 < 0}, (247)
Q={re€eQ, ¢ <0, >0}, Qu={xeQ, ¢ <0, ps <O0}. (2.48)

This can be extended to N level set functions, giving 2 regions that are disjunct and
whose union is 2.

2.6.2 Piecewise constant level set methods

We can see that N level set functions give the possibility of 2%V disjunct regions with no
overlap. In [18] they wanted to find N regions, {Q;},, which form a partition of Q.
Their idea is to have the possibility for some regions to be empty, so that they can over-
estimate the total number of phases, and superfluous phases will disappear at convergence.
To identify these regions they proposed to find just one function, a piecewise constant
function, taking the values

p=iin€y, i=12...,N. (2.49)

The discontinuities of ¢ give the curves that separate the regions.
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Jlu

Figure 2.5: Example of an image represented by an piecewise constant function.

In an image, we assume that the intensity values are varying slowly inside each phase,
and have large jumps between the phases. In that sense, letting a piecewise constant
function represent an image should be reasonable.

To find a piecewise constant function, the values of the constants and the location of
the discontinuities have to be found. Mumford and Shah [23] proposed to approximate a
function ug by a piecewise constant function w:

mf{FMS u, I Z/ lei — ol dx+V|F|} (2.50)

where () = U;Q;UL, i.e. they tried to find a decomposition €2; of 2, where u = ¢; (constant)
inside each connected component €2;. The length of the curve I' is controlled by a positive
parameter v. For a fixed I', we see that (2.50) is minimized when ¢; = mean(ug) in ;.
One challenge when solving (2.50) is to find a unique representation of the parametrized
curve I'. Chan and Vese [7] reformulated and solved (2.50) using a level set approach

ing{ (c1,¢9,0 /]cl—u0]2 dx+/|cz—u0\ (1—-H(op )d:z:+l//|VH(¢)\dx},
c, Q

(2.51)
where the Heaviside function H(¢) equals 1 if ¢ > 0 and equals 0 if ¢ < 0. The length
of the interface is measured by the regularization term [,|VH(¢)|dz and favor smooth
curves. By minimizing F'(c1, ¢z, ¢) with respect to ¢; and ¢y we obtain: ¢; = mean(ug) if
¢ > 0 and cg = mean(ug) if ¢ < 0.

The active contour model without edges in (2.51) can only divide €2 into two distinct
regions. A generalization of this 2-phase model to a multiphase level set formulation was
presented by Chan and Vese [6] [29] made it possible to solve the problem (2.50) for an
arbitrary number of partitions. The energy functional for a 4-phase partition, involving
2 level set functions is then

F(c,¢1,02) = /Q|01 —U0|2H(¢1)H(¢2)d1’+/§2\02 — uo|*H(¢1)(1 — H(¢s))dx
T / e — woP(1 — (1)) H(da)da + / ea — uol(1 — H())(1 — H(go))da
+V/Q\VH(¢1)\dx+V/Q]VH(¢2)|dx. (2.52)

Once the constant values {c;}?_; and the level set functions ¢; and ¢, are identified, the
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piecewise constant function u can be written as

u=c1H(¢1)H(p2) + c2H(p1)(1 — H(d2)) + e3(1 — H(¢1))H (¢2)
+ca(1— H(¢1))(1 — H(d2)). (2.53)

In [5] [13] an alternative form of (2.52) was suggested. They tried to minimize the following
energy functional directly with u given in (2.53)

F(c, g1, ¢2) = /Q|U—Uo|2d$+V/Q|V¢1|dx+1//Q|ng52|dx. (2.54)

Omitting the regularization term, functional (2.52) equals functional (2.54) except from
one scalar. However, the gradients are not equal, producing different numerical schemes.

As mentioned, N level set functions and 2V constants give the possibility of 2V disjunct
regions with no overlap, whereas the approach in (2.49) just requires one function to
identify all the phases.

As we will see later, the basis for finding such a function will be to approximate the
image in some sense, i.e. minimization of a functional, and imposing ¢ =14, 1 =1, ..., N as
a constraint. Also, some kind of control on the length of the curves (area in 3D) separating
the regions will be added. This will make sure that we don’t get an oscillating result.

2.7 Operator splitting

To find the ¢ from (2.49), we will use the steepest descent method (except in algorithm
2, where we use Newton’s method). During these iterations, rather heavy computations
have to be made, especially for the 3 dimensional images, e.g. curvature. In [8] they
proposed to use operator splitting to accelerate the computations. We will try to explain
the operator splitting scheme in a general setting here, and show how to incorporate this
into one of our methods in section 3.2.

Given a function space V and an operator A defined in V' and we want to solve the
following time dependent equation:

0¢ -
CHA@) =), te0.T), p)=deV. (2.55)
Assuming the operator A and the function f can be split in the following way:
A=A1+A+ ... +A,., [f=hH+fot+.. .+ fm, (2.56)

a splitting scheme can be used to approximate the solution of (2.55). A first example is
parallel splitting scheme or additive operator splitting (AOS) scheme [19] [20]. The idea
is to choose a time step 7 and set ¢° = ¢. At each time level ; = j7 we compute ¢/*2m
in parallell for i = 1,2,...,m from:

PG ) = ). and thenset % = LS g )
t e gt | |

mT

A second example, also called the multiplicative operator splitting scheme (MOS) can
also be used to approximate the solution of (2.55):

o it
il ¢ + A,

T

(@) = filty), i=1,2,...,m. (2.58)



2.7. OPERATOR SPLITTING 23

The AOS and MOS schemes can be combined in different ways. One can split the
operator A and the function f in the following way:

A:A1+A2+—|—Ak+Ak+1++Am,

f=h+tlfot+. ...+ e+ forrt+. o+ fm,

and use the AOS scheme on the first k& terms and then the MOS scheme on the remaining
m — k terms. In other words, use the AOS scheme to solve ¢/*zn in parallel from:

¢j+ﬁ — ¢

o + Ai(¢7tem) = filty), i=1,2,... k. (2.59)

Set

k
; 1 L
G =Y (2.60)
i=1

Then, use the MOS scheme for the remaining terms, i.e. solve ngjJ“% sequentially from

i i
oS
T
This is called a general AOS-MOS scheme.
In our application of this scheme we will split our problem into d 4+ 1 terms, where
d is the dimension of the image, i.e. 3. We will then use the AOS scheme to solve for
1 =1,...,d, and the MOS scheme for the last term. In section 3.2 this will be explained
in detail.

(¢ m) = filty), i=k+1,k+2,...,m. (2.61)



Chapter 3

The algorithms

Now we will present three algorithms that are based on techniques from chapter 2. One
involves the steepest descent, one involves Newton’s method and one involves operator
splitting applied to the steepest descent, combined with Newton’s method.

In our first approach to segment an image, we will combine the steepest descent and
Newton’s method. The reason for this is that the steepest descent method converges very
slowly, while the Newton’s method needs good initial values, but converges fast. The idea
is to terminate the steepest descent after a fixed number of iterations, and use the result
from this as initial values for Newton’s method. That should give satisfying results in as
few iterations as possible.

The next approach involves operator splitting. We believe that the results from the
first approach can be improved with respect to computational time, especially for 3 di-
mensional images. The idea is to apply operator splitting, i.e. an AOS-MOS scheme, to
the steepest descent method. This results an AOS scheme in the same form as (2.59).
For the MOS scheme in (2.61) Newton’s method can be used, as we will see later.

The basics are the same for both approaches, i.e. the goal is to find saddlepoints of a
certain Langrange functional, and the result is a piecewise constant function.

In the end of this chapter, we will take a look at how Freesurfer works. We have used
the results from this method to compare with some of our results.

3.1 Steepest descent and Quasi-Newton

This section is based on [27]. We will use the piecewise constant level set function from
(2.49) to segment our images. The basic idea is to divide the image €2 into subdomains
Q;,1=1,2,...,n, where n is known. To identify these subdomains, we will try to find a
piecewise constant level set function ¢, such that

¢p=1iin €y, i=1,2,...,N.

Associated with such a level set function ¢, the characteristic functions of the subdo-
mains are given as

1 N N
%:E H (¢—J), o= H (1 — k). (3.1)
=15 k=1 k#i

Given ¢ as in (2.49), we have 9;(x) = 1 for € ;, and ¢;(z) = 0 elsewhere. From
these functions we can extract geometrical information from the subdomains and the

24
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interfaces between them. For example,

Length(05);) = /\V?M dz, Area();) :/wi dz, (3.2)
Q 0

where length and area becomes area and volume, respectively, for 3 dimensional images.
Having defined 1 as in (3.1), we see that the level set function also satisfies the relation
¢ =), i;. We now define the constraints:

N

K@) =(¢-1(¢ -2 (¢~ N)=]](6-1) (3:3)
p=i
At every point in €, the level set function satisfies
K(¢) =0. (3.4)

From the original Mumford-Shah modell presented in [23], where they wanted to find
curves v and constant values ¢; to minimize:

Z/Q}ci—uof dz + BT, (3.5)

From the initial image ug, we search for a piecewise constant level set function u that
satisfies

N
u=Y e, (3.6)
i=0
such that u = ¢; in ;.
Now we propose the following constrained minimization problem for segmenting an
image:

. 1 -
min {F(c,gb) = §/Q|u—u0|2 dx+ﬁ§/9|v¢i| dx+l//Q|V¢| dx}. (3.7)

K(4)=0

We see that large approximation errors will be penalized by the fidelity term % fQ|u —upl?.
From (3.2), we see that the last two terms surpress oscillation, whereas the regularization
parameters § > 0, v > 0 control the effect of the two terms.

In [18], the augmented Lagrangian method was used to solve the constrained mini-
mization problem (3.7), and it defined as

L(c,d,\) = F(c, d) + /Q AK () da + g /Q IK(8)[? da, (3.8)

where A € L*(Q) is the Langrange-multiplier and » > 0 is a penalty parameter. We
normally choose the penalization parameter r large, compared to the other parameters.
To minimize (3.7), we have to find the saddle point for L. The saddle point is found by
minimizing L with respect to ¢ and ¢, and maximizing with respect to A. By minimizing
with respect to ¢ and ¢, we ensure that F'(c, ¢) is minimized, and by maximizing with
respect to A, the constraint must be fulfilled at convergence, otherwise the Lagrangian
term of (3.8) will not vanish. The result is the the following algorithm:
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Algorithm 1 Choose initial values for ¢°, ® and \°. For k=1,2,... , do:

1. Find ¢* from
L(cF, "1 Ne71) = min L(c* ¢" 1 AR, (3.9)

2. Use (3.6) to update u = > | cFp; (1)
3. Find ¢* from

L(Ck,QSk, )\k;—l) — m(gnL(c, ¢k—1’ )\k;—l). (310)
4. Use (3.6) to update u =" cFp(¢")

5. Update the Langrange-multiplier by

M=\ e K (o) (3.11)

The minimizer for (3.10) is solved here by the gradient descent method. We introduce
an artificial time variable and look for a steady-state solution to the PDE

oL
= ——. 3.12
b=~ (312)
At steady-state ¢, = 0, which means that gg = 0. The time derivative is approximated
using a forward Euler scheme
(bnew o ¢old
N — 3.13
Combining (3.12) and (3.13) gives us
oL
¢new — (bOld o Ata—¢(c, (bOld’ )\k71>‘ (314)

The step size At is chosen by a trial and error approach and it is fixed during the whole
iterative procedure. It is not necessary to solve the minimization problem (3.10) exactly.
The gradient iteration (3.14) is terminated when

( gbnew )\k‘ 1 gbk_l,/\k_l)

oL
9

S mastes ),

is reached or else after a fixed number of iterations. To compute &%, we define T'(¢) =

a¢>
JoIVéldz = [, \/¢2 + ¢2 dz dy, and calculate

2 211/2 1,2 211/2
DT(6.10) = /Q im [(¢+e¢>x+(¢+ew€>y] (4] ay

- [ (62 + 65 + 2e(0tba + 8y) + W2 + )] — [62 4 67)
Q

e—0 €

1/2

dz dy,

where we define

[¢ + ¢ + 26(Pathy + Gyy) + € 22+ )} 12 _
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and
[¢2 + ¢2} /2 _
We then see that DT (¢, )
) b a+b
- /Qlli% € a+ bdx dy
a0
- /Qllftl) e(a+ b>dxdy
_ / - 2e(@atfe + Gy¥hy) + € (V7 + ¥y)
20 e([62 + 62 + 2e(Pathe + Byt0y) + (42 + 42)]

dz dy.
+ 62+ 2] o

Letting ¢ — 0, we obtain

%% + ¢y¢y o VQS ' Vl/J

DT(¢,¢) = o (G2 + 0212~ [, Vel

dx dy.

We define v = |§£| and from Green’s identity (2.4) we see that

/U-V@/de: —/va-vdx—i— (¢ - n)de. (3.15)
Q Q o9

Because of (3.32) and from examples 2.4, 2.5, 2.6 we get that

oL Vi \ 0 Vo / /
% = (u—wuyp) 8¢ 52 (|VQM) a—¢—l/V (]V¢])+)\K (p)+rK(p)K'(¢). (3.16)

As always, the derivative of L with respect to A recovers the constraint

oL

55 = K(). (3.17)

As wu is linear with respect to ¢; values, we see that L is quadratic with respect to ¢;. Thus
the minimization problem (3.9) can be solved exactly. We see that

oL [ OLOu
de; 8u oc;

/(u —up)Yydx fori=1,2,..., N. (3.18)
0

Therefore, the minimizer of (3.9) satisfies a linear system of equations Ac* = b:

Z /Q(iji)cfdx = /Quowidx, fori=1,2,...,N. (3.19)
j=1

Tests have shown that this algorithm alone converges very slowly, so our strategy is
to terminate it at a certain number of iterations, and then use a quasi-Newton method
to make it converge. Problems arise when trying to solve the segmentation problem with
just Newton’s method, as described in the next section. The reason for choosing a quasi-
Newton method, is that we would have to invert a huge linear algebraic system due to
the regularization terms in (3.7). So we define
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Q@¢A%:%AM—uﬁdx+Akwah (3.20)

Numerical experience also reveals that it is not necessary to use the penalization term
with the Newton updatings. Thus, we also define

Lo(c,p,\) = F(c, ) + / MK (¢)dx (3.21)

Q
We see that Ly is equal to L if we take » = 0 in (3.8). Also, the functional Ly reduces to
Q) if we take 3 = v = 0. Thus the Hessian matrix for () is a good approximation for the
Hessian matrix of Lj using the fact that § and v are normally very small. So we arrive
at the next algorithm:

Algorithm 2 Choose initial values ¢°, &® and \°. For k =1,2,..., do:
1. Find c* from

L(ck, Pt )\k_l) = min L(ck_l, oL, /\k_l). (3.22)

2. Update u = >_1" | cFpi(pF~1)

3. Find ¢*, \¥ from
2?Q  9°Q - il
o ) () --(a) (3.23)
s 0 AP = AR 5y

PON

4. Update u = »77_, ¢j1 (¢")
5. If converged, end the loop. Otherwise go to step 1.

To solve (3.23), we need

o2 ou\ 2 92 0? 02
87562‘2 - <8—Z> + (u — uo)y; + AK" (), ngg)A = 3)\§2¢ = K'(¢) (3.24)

where A = A1 ¢ = ¢F ! and u = u(c¥, ¢*7!), and we use that 252 = K(¢*~!) and %—Z?

can be found from (3.16) by setting r = 0.

3.1.1 Problems with Newton updating without steepest descent

A natural alternative to the combination of the steepest descent method and Newton’s
methods is only Newton’s method. But when trying to do the segmentation just by
searching with Newton’s method, one encounters some problems (apart from the known
unstability of Newton’s method when not sufficiently close to a local extremum). This is
easily seen when looking into the algorithm. We have L as before:

Lc,,\) = F(c, ) + /Q/\K(qﬁ) dx+g/Q|K(¢)]2 da. (3.25)

When we want to update with Newton’s method, we have to solve the following system:

<? ¢>(¢—¢> (—%>
k k-1 ) = 1 2 (3.26)
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Where 2% = K (¢*!) and DL _ L _ ['(¢h~1) Solving this, we get

DPON — ONOP
PL 0 gqy 0L
soon 0 ) = "5 (3:27)

Getting ¢° from kmeans in MatLab, we start with an initial image where, in three phases,
every voxel takes the value 1,2 or 3. This means K(¢) = 0. K'(¢) is a function of ¢. E.g.
for a three phase segmentation problem, we will get K'(¢) = 3¢* — 12¢ + 11, which is
most likely # 0. The result of this is that ¢* — ¢*~! = 0. In other words, nothing happens
to ¢.

Initializing the image in another way, we can achieve K(¢) # 0, but the updating is
still only dependent on K (¢) and K'(¢), so changing the regularizing parameter does not
affect it.

3.2 Operator splitting scheme and Newton’s method

This section is based on [8] and [26]. We propose to solve the following penalization
functional:

min { Fle.0) = /Q = woPdz + 5/9 Vo|de + % /Q Wedr)h (329

C’¢
where W(¢) = |K(¢)]* to deal with the constraint K(¢) = 0. The solution must satisfy
oF oF
=0, b)—=0. 3.29
0 5e =0 B (3.29)

As in (3.19), the minimization of (3.28) with respect to ¢ can be solved exactly by solving
the linear system Ac* = b

N
Z/(@Z)ﬂ/zj)cf dr = / wo; dx, fori=1,2,... N. (3.30)
PV Q

As we will see in the numerical section, we will try to get good initial values for ¢, and
update this only in the end.
Now, for the operator splitting scheme, we need to compute

¢>
or Vo ) ou ,
V- + (u(o, c — +— W 3.31
T = (o) + 0000 — w) G + W) 331
The variational formulation also impose the following boundary condition for ¢ on €2
Vo
——-n =0 on 0. 3.32
Vol (332
Using a steepest descent method for the minimization of (3.28) with respect to ¢ we get
Vo ou 1
cb:ﬁV-(—)—ucb,c 0) 57 — —W'(9). 3.33

We split the right side of (3.33) into d + 1 terms:
b1 = Bi(9) + Ba(d) + ... + Bal6) + C(9), (3.34)
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where
and

D; = % and d is the spatial dimension. We apply the AOS-MOS scheme from section
2.7 to (3.34). In each iteration step we use the AOS scheme on the first d terms:

n+ﬁ _4n ; n—+ i a
% = BDi- <|V;bn+2m|> — (u(¢"" 7, ¢) — “O)a¢(¢ ) (3.35)
i=1,2,....,d,

where m = d + 1, and set
d
1 i
oI = y > gt (3.36)
i=1

1 ey
We then use ¢"*2 as initial value and solve

n+l _ n-l—% 1
e, (3.37)

To solve (3.35), which is nonlinear and implicit, we use the semi-implicit Picard iter-

ation qbnew gbn D ¢new 1 a
iP; old .n U old .n
T d = 0D - (|V¢fld|> _EW(@ , € )_U0)6¢(¢ "), (3.38)

which can be rewritten as

D
new _ 134D, - | =i
w Tl <|v¢;ﬂd|

ou

(%( o ey =i (3.39)

) — 6" — (g2, ") — o)

We define the operator
A=V (a(x)V), (3.40)

where a(x) = When operated on ¢, A can be written as

|v¢old|
V- (aV) = Di(aD1¢) + ... + Dg(aDgy), (3.41)

where D; = 8%1_, d is the spatial dimension. Then we can write
d
A;=D;-(a(x)D;), and Y A=A (3.42)

Using this we can write (3.39) as
(I — T8dA) P = 13, (3.43)

where I is the identity matrix. For each i, we choose an initial value as ¢?'¢ and get a
¢ which is then taken to be ¢9¢ to get a another ¢7¢*. This procedure is iterated until
convergence. After doing this for i =1,2,...,d, we set

d
1 1 new
o= o (3.44)
i=1
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For each i, the matrix (I — 73dA4;) is a tridiagonal matrix. Thus the systems (3.43)
can be solved fast using a tri-diagonal solver (see section 4.2).

To solve (3.37), we use Newton iteration. The value ¢"™! that satisfies this equation,
will also be the solution to G(¢) = 0, where

1

G(o) = ¢+ £W’<¢> — gt (3.45)

This problem can easily be solved using the Newton iteration

G(QZSOM)
G'<¢Old) ’

To ensure uniqueness and convergence, we must make some restrictions. Since W’ is a
polynomial of degree 2N — 1, where N is the number of phases. Thus there are 2N — 1
roots. If we choose 7 and p such that G’ > 0, we ensure that G is strictly increasing and
thus there is only one real root. The rest of the roots will be complex. It is easy to see
that

¢new — ¢old o

(3.46)

G¢) =1+ %Ww " %K(@K"(@. (3.47)

In [8] they have showed that G’ > 0 will impose the following constrain on 7 and u:

2
0.71
0.09

=~ Wb

The bound depends only on the number of phases N. So for a given p we can calculate
the time step 7 such that G’ > 0.
Finally, we arrive at the following algorithm:

Algorithm 3 Forn =1,2,... until convergence:

1. Solve

”‘*’%_ n . n+%
¢i ¢ :ﬁDi' (%) _(u( n Cn)_uo)@( n Cn)

7d V| 99"
i=1,2,...,d, (3.48)
2. Set
1 1 d +1
nty = = AN 4
o d;qz (3.49)

3. Use ¢”+% as initial value and solve

¢n+1 _ ¢n+%

T

__l 1/ n+1
== W, (3.50)
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3.3 Freesurfer

At last in this chapter we give an introduction to Freesurfer [9] [11], as we will present
results from this method to compare with our results. This method is very different from
the ones presented, it is actually a combination of 7 algorithms, making it exact, but slow
(see figure 5.28, 5.29, 5.30).

The components in this method are:

Talairach Registration. The automated Talairach registration procedure [28] is used
to compute the transformation matrix, where the transformation parameters are
computed by using gradient descent at multiple scales to maximize the correlation
between the individual volume and an average volume composed of a large number
of previously aligned brains. In this way we can align our image in a way that is
more comparable with other images, or an atlas.

Intensity Normalization. Due to the noise that arise in the imaging-process (see
section 1.2.2), there can be variations in both intensity and contrast across the
image. This means that identical tissue types will give rise to varying intensities
as a function of their spatial location. This part corrects such image intensity
variations, by e.g. Gaussian smoothing.

Skull-stripping. The next part is to take away the skull from the image (see figure
5.18). This is done by deforming an ellipsoidal template into the inner surface of
the skull, with the help of two driving forces. (1) An MRI-based force, designed
to drive the template outward from the brain, and (2) a curvature reducing force,
enforcing a smoothness constraint on the deformed template.

White matter labeling. An intensity-based classification, where possible overlap in
the intensity distribution of white and grey matter is accounted for by allowing the
grey-max-value be higher than white-low-value.

Then, voxels that lie in a 3 x 3 x 3 neighborhood which contains a significant number
(e.g. 20%) of voxels with labels that differ from that of the central voxel are marked
for further processing. It is known that the cortical surface is smooth, with finite
curvature everywhere, resulting in a locally planar structure where cortical gray
matter borders other tissue types such as white matter or CSF. The further seg-
mentation procedure uses this information by detecting the plane-of-least-variance
and using intensity information in this plane as a basis for classifying regions.

Cutting planes. After the image has been segmented, cutting planes are computed
which separate the cerebral hemispheres and disconnect subcortical structures from
the cortical component.

Connected components. The next step is to generate a single connected mass rep-
resenting the white matter structure of each hemisphere. Any interior holes in the
components representing white matter are filled, resulting in a single filled volume
for each cortical hemisphere. This is accomplished using a connected components
procedure.

Surface tessellation, refinement and deformation. The volume is covered with a
triangular tessellation and deformed to produce an accurate and smooth represen-
tation of the gray/white interface as well as the pial surface. Tessellation is done by
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using two triangles to represent each (square) face separating voxels classified as a
white matter of a given hemisphere from differently classified voxels.



Chapter 4

Discretization and implementation

We have used MatLab to implement our algorithms. Some of the more difficult tasks are
included in this section.

MatLab has very good tools for working with matrices, and we work with the 3
dimensional images as 3 dimensional matrices, where each voxel is an element in the
matrix. However, when computing derivatives and operators on an uniform grid, there
might be problems. It should also be noted that many of the calculations involving these
matrices are on element-element level, and not regular matrix-operations.

4.1 Curvature

To compute (3.16) we need to calculate the curvature, and for this we use the central
difference to approximate the first-derivatives:

G2k = gitlik _ gidk (4.1)

and similar for y- and z-derivatives.
For 3-dimensional images the curvature can then be approximated in this way

Vo o Py 08
V- [ —] | ~ _ _— .
(IWI) <(¢§+¢5+¢§+e)”>x+((---)”2>y+((---)”2>z )

The reason for the € is that we want a piecewise constant function. For numerical reasons
we set this to be 107°. As seen in figure 4.1, when using central difference, the coordinates
for our first-derivatives don’t match for the x— and y—direction. We compensate for this,
for the first term in (4.2), by calculating the average of the four surrounding y—derivatives.
For 3 dimensions, we naturally have to do this for the z—direction also. Then, we can
add ¢3 + ¢} + ¢2.

We now have

Pq

(62 +¢2+ 2 +¢)"
where ¢, and ¢, are adjusted to ¢,. Computing the x-derivative of this with central

difference, gives us
i (4.4)
(24 +02+9" ),

with points on the nodes on the grid, as we can see from figure 4.1. After doing this for all
three terms in 4.2, we can simply add these to get the approximation for the curvature.

(4.3)

34
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Figure 4.1: Computing the curvature. Every node represents a pixel. Letters in red and
green symbolize first derivatives. The arrows show from which derivatives to compute the
average, in order to adjust the grids. Blue letters symbolize terms like (4.4). Note that
the first-derivatives are not on the grid-nodes, but the terms like (4.4) are.

4.2 Dimensional splitting

The operator A from (3.42)

1

d
A; = D; - (a(x)D;), where Z A=A anda(x) = Vo]

i=1
is used in the operator splitting method to solve the system (3.43)
(I — 7BdA;) P = 1.

Rembember that

ou
n old _n old .n
7 — - 4 5 C - — 4 5 C .
= 0" = (o, ) = w) 1 (67 )
We are solving this system for each spatial dimension independently. We use a combina-
tion of forward difference (D/) an backward difference (D?):

-1 1 0 ... 1 0
o -1 1 ... -1 1

0
0
f_ b __

Di=1 0o o -1 ... [D=] 0o -1 1

(4.5)
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Figure 4.2: Imagine that this is one of the 3 dimensional matrices we are working with,
either a or r;, and every cube is a voxel. The green voxels are representing one row vector
which would be used to solve (3.43). Only part of the grid is included to make it easier
to see.

Starting in the x-direction (i = 1), we approximate a by
1
(62 + 62+ 02+ )"

where, as in section 4.1, ¢, and ¢, are adjusted to fit the grid where we have ¢, by
calculating the average of the 4 surrounding derivatives. For our 3 dimensional image,
represented by a 3 dimensional matrix, we now solve (3.43) for all row vectors. Lets index
the row vectors with (n,0), n beeing the y-coordinate and o beeing the z-coordinate. Let
e be the row vector in question from a. We build the matrix A; by using D/ and D? and
imposing zero Neumann boundary conditions to get

(4.6)

—2(1)  2e(1) 0 . 0
e(l) —e(l)—e(2) e(2) . :
A, = 0 e(2) —e(2) —e(3) e(3) 0
: 0
0 . e(end—1) —e(end — 1) —e(end)  e(end)
0 . 0 2e(end) —2e(end)

(4.7)
Now we use the row-vector (n,0) in 71 to create the right hand side of (3.43). As A, for
each row vector is a tridiagonal matrix, the system can be solved fast using a tridiagonal
solver. The vector we get is the row vector (n,o) in ¢7°*. After doing this for all the
row-vectors, we have a complete matrix ¢7°".
Then we do this for the y-direction (i=2), where we do this for all column vectors.
And finally for the z-direction, where the vectors are vertical.
To conclude, we see that we have to solve the system (3.43) in each spatial dimension,

and for each dimension, it has to be solved for all vectors we have in that direction (see
figure 4.2).
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Numerical results

In this section the numerical results are presented.

For the initial values, we have used different methods. kmeans is explained in the
Appendix. In the second method, called isodata, we calculate the mean value C! of the
image, and divide the image according to that value, such that the pixels/voxels with a
value smaller then the average belong to the first phase, and the others to the second
phase. Then we calculate the mean value C{ and Cj in the two regions, and set the
average of these two to be C?. This process is repeated i times, and we set ¢ = (C%, C%).
We then set ¢° to be a piecewise constant function according to the phases we have found
during the iterations. As an alternative, we have simply scaled the image, which normally
takes the values between 0 and 255, to take the values between 1 and n, where n is the
number of phases in the image, i.e.

ug(7) — mingequo

#(z) =1+ n—1). (5.1)

MaATzeqlo — MiNzeQUo

For algorithm 1 and 2, we have used scaling to find ¢° and kmeans to find initial c,
and we have skipped the updating of ¢ in (3.9) and (3.22), because this seems to work
fine. Initial value A\° is set to 0. For algorithm 3 we have used isodata for both ¢° and
initial ¢. Also for this algorithm we skip the updating of ¢ (3.30). Concerning the terms
$' and ¢ in (3.39) we use ¢" to calculate r; and A; in (3.43) and do only one iteration
to get the ¢* used in (3.44).

The montages are made for the brainweb-image in the axial view by showing every
5th slice from slice nr 41 to 156, and in the sagittal view by showing every 6th slice from
21 to 165. For the real image we have in the axial view displayed every 5th slice from 6
to 146, and in the sagittal view, every 4th slice from 11 to 111.

The tests are run on a computer with a 2 Opteron 270 dualcore processor and 8 GB
memory.

5.1 Synthetic brain data

In the first part of this chapter, we will look at some test results of an synthetic brain
image [22]. As seen in figure 5.1, it is relatively easy to distinguish the three phases. After
running a test, one can easily say if the result is satisfying. As this is synthetic data, the
correct segmentation is shown in figure 5.12, 5.13 and 5.14 [22]. For the real images, this
becomes more difficult.
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Figure 5.1: Slice 95 of a synthetic brain image from brainweb [22]. The size is 217 x 181 X
181.

When starting to test the image in figure 5.1 (see also figure 5.2, 5.3 and 5.5) with
algorithm 1 and 2, we started out with relatively few iterations for algorithm 1, as we
wanted the algorithms to be as efficient as possible. The good results, though, first started
to show as we approached 500. The results shown in figure 5.6, 5.7 and 5.8 came after
1000 iterations of algorithm 1 followed by 30 iterations of algorithm 2. The parameters
are r = 500, v = 500, 8 = 0 and dt = 1le~®, and we have used 3 phases. This took 97118
sek., or around 27 hours.

Next we have the results obtained with the operator splitting scheme and Newton’s
method. These are shown in figure 5.9, 5.10 and 5.11. We started with g = 1000, and for
each iteration we set finew = C - folg, Where ¢ = 0.9. The number of iterations is 100, we
set 0 = 0.03 and have used 4 phases. The process took 21404 seconds, or around 6 hours.

In figure 5.12, 5.13 and 5.14 the skull is not included, as we have focused on 3 phases
in this thesis, i.e. white matter, grey matter and the cerebrospinal fluid.

Finally, in figure 5.15 and 5.16 we try to compare the original image, our methods
and the segmented image from brainweb [22], by taking out some of the slices from the
montages (see figure-text). In the axial view there are only minor differences, but there
are some errors in the results from algorithm 3 in the white matter. In the sagittal view
there are some errors in the results from algorithm 1 and 2 with respect to the grey
matter, and some errors in the results from algorithm 3 with respect to the white matter.

5.2 Real brain data

In the last part of this chapter, we have tested a real MRI (see figure 5.17). In this section
our algorithms will be compared with a test run in Freesurfer. This method is explained
in the appendix, and one of the features is the so-called skull-stripping, which takes the
skull away. This simplifies the segmentation, because we don’t have to consider the skull,
e.g. by adding more phases to the problem. We have used the volume of the brain that
Freesurfer returns after performing skull-stripping as our initial image (see figure 5.18,
5.19, 5.20 and 5.21). The results are not as easy to judge as in the case of the synthetic
MRI, but we still get an idea of the three phases in the right image in figure 5.18.

For algorithm 1 and 2, as shown in figure 5.22, 5.23 and 5.24, we have used 400
iterations of algorithm 1 followed by 35 iterations of algorithm 2, v = 1000, r = 500,
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Figure 5.2: Synthetic image from brainweb [22], axial view.
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Figure 5.3: Synthetic image from brainweb [22], sagittal view.

Figure 5.4: The visualization of the three end slices is done by cutting the brain image as
shown to the left. After turning this image 180 degrees about the z-axis we get the image
to the right.
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Figure 5.7: Results from algorithm 1 and 2, sagittal view

100
80
60
40

20

Figure 5.8: Results from algorithm 1 and 2, visualizing the three end slices.
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Figure 5.9: Results from algorithm 3, axial view
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Figure 5.10: Results from algorithm 3, sagittal view

100
80
60
40

20

Figure 5.11: Results from algorithm 3, visualizing the three end slices.
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Figure 5.12: Segmented data from brainweb [22], axial view
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Figure 5.13: Segmented data from brainweb [22], sagittal view

Figure 5.14: Segmented data from brainweb [22], visualizing the three end slices.
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Figure 5.15: Comparing the synthetic image, axial view. From left to right we display:
The original image, the result from algorithm 1 and 2, the result from algorithm 3 and
the results from brainweb [22]. From top to bottom we show slice nr.: 61, 76, 91 and 106.
These can be found in the montages as nr. 5, 8, 11 and 14 (going from left to right and
top to bottom)
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Figure 5.16: Comparing the synthetic image, sagittal view. From left to right we display:
The original image, the result from algorithm 1 and 2, the result from algorithm 3 and
the results from brainweb [22]. From top to bottom we show slice nr.: 45, 75, 105 and
135. These can be found in the montages as nr. 5, 10, 15 and 20 (going from left to right
and top to bottom)
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Figure 5.18: Real MRI without the skull. The size is 185 x 110 x 145.

B =0, dt =5e"" and 5 phases. The large amount of phases needed is probably due large
variations in intensity values. It took 37322 sec, or around 10 hours.

In figure 5.25, 5.26 and 5.27 the results after algorithm 3 are shown. We have used
B =0.03, c=0.9 (v = 1000 in the beginning as before), 80 iterations and 4 phases. This
took 7260 sec, or around 2 hours.

Next, in figure 5.28, 5.29 and 5.30 we present the results after performing the segmen-
tation in Freesurfer. The process called 'processing stream (-autoreconl , -autorecon2 ,
-autorecon3)’ of the image in figure 5.17 took around 24 hours on a laptop with 2 GB of
memory.

Finally, in figure 5.31 and 5.32 we have tried to compare our results with the original
real MR image and the segmentation performed in Freesurfer. For the axial comparison,
it is clear that there are differences. From what we can recognize as the white matter in
the original image (to the left in figure 5.31), we see that all methods finds this with high
accuracy. However, for algorithm 1 and 2 (nr. 2 from left), as we had to use 5 phases to
do the segmentation, there is parts of another phase between the white and grey matter.
Also, the CSF has gone into the same phase as the grey matter. For algorithm 3 it seems
that it splitting the grey matter into two phases. This is also seem to be the case for
Freesurfer, just in smaller amount.

In the sagittal view, it seems that the same errors are occuring, and in addition some
parts of the white matter has gone into another phase, e.g. together with the grey matter.
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Figure 5.19: Real MRI, axial view.
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Figure 5.20: Real MRI, sagittal view.
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Figure 5.21: Real MRI, visualizing the three end slices.
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Figure 5.22:
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Results from algorithm 1 and 2, axial view.
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Figure 5.23: Results from algorithm 1 and 2, sagittal view.

Figure 5.24: Results from algorithm 1 and 2, visualizing the three end slices.
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Figure 5.25: Results from algorithm 3, axial view.
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Figure 5.26: Results from algorithm 3, sagittal view.
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Figure 5.27: Results from algorithm 3, visualizing the three end slices.
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Figure 5.28: Segmentation in Freesurfer, axial view.
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Figure 5.29: Segmentation in Freesurfer, sagittal view.
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Figure 5.30: Segmentation in Freesurfer, visualizing the three end slices.
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Figure 5.31: Comparing the real MR image, axial view. From left to right we display:
The original image, the result from algorithm 1 and 2, the result from algorithm 3 and
the results from Freesurfer [9]. From top to bottom we show slice nr.: 36, 56, 76 and 96.
These can be found in the montages as image nr. 7, 11, 15 and 19 (going from left to
right and top to bottom)
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Figure 5.32: Comparing the real MR image, sagittal view. From left to right we display:
The original image, the result from algorithm 1 and 2, the result from algorithm 3 and
the results from Freesurfer [9]. From top to bottom we show slice nr.: 27, 47, 67 and 87.
These can be found in the montages as image nr. 5, 10, 15 and 20 (going from left to
right and top to bottom)
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5.3 Summary and future work

Having in mind that we have presented very complicated images in this thesis, the results
from the synthetic image are very good, and for the real MR image they could be improved
slightly.

We see that using an operator splitting scheme significantly reduces the computational
time. In the case of the synthetic brain image, this does not seem to have a particular
negative effect others than those mentioned. This is the same case for the real MR image,
where we could perform the same segmentation as for the synthetic image. For algorithm
1 and 2, it seemed that they had greater difficulties with the intensity values in the real
MR image, possibly from other types of tissue present, and we had to do the segmentation
for 5 phases.

The fact that the test of the real MRI took shorter time than for the synthetic MRI
must be seen in connection with the size of the images and the number of iterations we
have used. The latter is probably due to e.g. presence of the skull in the synthetic image.
Also, the synthetic image used for segmentation contains the skull, which is expected to
complicate the process.

An important aspect is the skull-stripping. For the synthetic image this does not seem
to have an effect on the results for the brain, but it is complicating the process. For the
real MR image it was almost impossible to do segmentation with the skull present, and
we used the skull-stripping obtained from Freesurfer to do this. It should be able to do
this quickly, so that it does not make the total segmentation time much longer.

The results obtained from algorithm 3 could be improved slightly for both images
we have presented here. Algorithm 1 and 2 seem to have some problems with real MR
images. This could possibly be improved by normalizing the intensity values. The initial
values obtained with kmeans could vary for one image when running several tests, while
the other methods are more stable.

Another possibility for medical images is to incorporate a-priori information, as in
Freesurfer. This could lead to much better results, but would also require some manual
work on the images.

For complicated images, there should also be developed a way to quantify the differ-
ences in the results, possibly compared to manual segmentation.



Appendix A

kmeans

The program kmeans in MatLab partitions the points in the n-by-p data matrix X into
k clusters. The iterative partitioning minimizes the sum, over all clusters, of the within-
cluster sums of the point-to-cluster-centroid distances. By default, kmeans uses squared
Euclidean distances, i.e. (2,,; — T;n)?, where ,,,; belong to cluster m, and Z,, is the mean
of the points in that cluster (the centroid). kmeans uses a two-phase iterative algorithm
to minimize the sum of point-to-centroid distances, summed over all clusters:

e the first phase uses what the literature often describes as ”batch” updates, where
each iteration consists of reassigning points to their nearest cluster controid, all at
once, followed by recalculation of cluster centroids. You can think of this phase as
providing a fast but potentially only approximative solution as a starting point for
the second phase.

e the second phase uses what the literature often describes as ”online” updates, where
points are individually reassigning if doing so will reduce the sum of distances, and
cluster centroid are recomputed after each assignment. Each iteration during this
second phase consists of one pass through all the points.

kmeans converge to a local optimum, in this case, a partition of points in which moving
any single point to a different cluster increases the total sum of distances.
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