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Abstract

Hankel matrix recovery algorithms play a vital role in
time-sensitive signal processing tasks, such as seismic data
analysis for earthquake prediction, where signals must be
reconstructed from incomplete and corrupted observations.
While machine learning techniques have shown promise in
general low-rank matrix recovery problems and robust prin-
cipal component analysis, existing methods for Hankel ma-
trix recovery remain computationally intensive and scale
poorly. We propose DeepHankel, a novel deep unfolding-
based model that learns a set of parameters for an infer-
ence procedure tailored for Hankel matrix reconstruction.
Unlike related deep unfolding approaches that require ex-
pensive singular value decompositions (SVDs) at each iter-
ation, DeepHankel performs SVD only once during initial-
ization, significantly reducing computational costs. Tests
on synthetic data show that DeepHankel recovers Hankel-
structured signals up to 3x faster than the state-of-the-art
HSNLD algorithm and only requiring half as many itera-
tions.

1. Introduction

The low-rank Hankel matrix recovery problem is one
that commonly appears in signal processing problems, in-
cluding seismic analysis [3], nuclear magnetic resonance
(NMR) spectroscopy [7], and time series analysis [6],
among others. Given a vector of samples from an under-
lying signal y = [y1 12 Yn|, the corresponding
Hankel matrix is defined as follows:
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The structure of Y allows for certain matrix decompo-
sitions to reveal underlying information about the original
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signal. There are three problems that exist in practice: (a)
missing data, (b) sparse outliers, and (c) ill-conditioned ma-
trices.

1.1. Missing data

In some real-world problems, it is common for a signal
to be only partially observed. For instance, in a dataset of
Uber movement speed data [4], only 15 percent of values
are observed. A meaningful analysis of the full dataset will
require a sufficiently accurate recovery of the missing 85
percent of data. This is typically made possible by con-
straining the problem to recovering a low-rank matrix, al-
lowing models to learn recurring patterns in the data.

1.2. Sparse outliers

Within the observed portion of the signal, some percent-
age of values are corrupted by external noise S. In most
applications, these outliers must be isolated from the un-
derlying signal to perform any further analysis. In some
cases, these outliers could be the desired portion of the data.
In seismic analysis, for instance, these outliers may repre-
sent unusual tectonic activity that occurs moments before
an earthquake strikes. In these applications, it is critical for
the outliers to be fully isolated from the ground truth signal.

If these outliers were not Hankel structured, simply en-
forcing the Hankel constraint (where each entry of an an-
tidiagonal has the same value) would result in a successful
separation from the outlier and ground truth signal. For the
purposes of this paper, we analyze the more difficult and
applicable case where the sparse outliers are Hankel struc-
tured, corrupting entire antidiagonals at a time.

1.3. Ill-conditioned matrices

Consider the Direction of Arrival (DOA) estimation
problem in Fig. 1, where a radar signal emitted by multi-
ple sources is picked up by a series of sensors, producing
an observed signal. Note that the signals are reaching the
sensors at very similar angles; this results in increased in-
terference between the sources’ signals. After the data is
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Figure 1. Example of the DOA estimation problem, where multi-
ple sources at similar angles are emitting signals that are received
by a series of sensors.

collected, depending on the similarity of the angles, isolat-
ing the ground truth of each source becomes a harder task.
Mathematically, the degree of difficulty can be repre-
sented by the condition number, which itself is the ratio be-
tween the first and r-th singular values, in descending order
of magnitude, of the corresponding rank-r Hankel matrix.
Matrices with a high condition number are referred to as
ill-conditioned, and are harder for models to recover.

1.4. Problem statement

With these constraints in mind, models in low-rank
Hankel matrix recovery aim to recover both the complete
ground truth Hankel matrix Z and the sparse outlier matrix
S from an observed matrix Y such that’ Y = Z + S.

2. Notation

In this paper, we utilize lowercase letters for scalars, bold
lowercase letters for vectors (e.g. z), bold capital letters for
matrices (e.g. Z) and calligraphic letters for operators (e.g.
S). || - || is used to represent the absolute value, whereas
I - ||F is used for the Frobenius norm. The operator G is
used to represent the Hankel operator, which Hankelizes a
vector v to a Hankel matrix V; likewise, the adjoint Hankel
operator G* turns a matrix V into a rescaled Hankel vector
representation v.

3. Related work

To solve the problem of low-rank Hankel matrix recov-
ery, several algorithms already exist. One example is Ac-
celerated Structured Alternating Projections (ASAP) [1],
which provides fast Hankel matrix recovery but cannot ac-
count for missing data. Another example is Robust-EMaC
[5], which can account for missing data but utilizes semi-
definite programming, which is both computationally and
memory-wise inefficient.

In related problems, including robust principal com-
ponent analysis (RPCA) and low-rank matrix recovery
for general matrices, deep unfolding has been utilized to
achieve faster convergence. For instance, Learned Robust
Matrix Completion (LRMC) [8] leverages deep unfolding
to recover matrices efficiently, but is applied to general ma-
trices and does not take advantage of any matrix structure.

This creates memory inefficiencies for Hankel-structured
problems; creating the full Hankel matrix during the algo-
rithm is unnecessary and would not scale well for signals
with a large number of observations. Another approach,
CORONA [10] applies deep unfolding for RPCA, but its
inference model computes a costly singular value thresh-
olding (SVT) at each iteration, hurting scalability.

One promising Hankel recovery algorithm is Hankel
Structured Newton-Like Descent (HSNLD) [2], which re-
covers the ground truth Hankel matrices Z and S in their
vector forms z and s respectively by Algorithm 1, where
the underlying Hankel matrix Z is formed by LR, where
L,R € C™*". Note that the full Hankel matrix Z and
sparse outlier matrix S are never formed; by using their
vector representations z and s, the algorithm saves a con-
siderable amount of memory. The loss function £ is defined

by Eq. (1).

Algorithm 1 Hankel Structured Newton-Like Descent
(HSNLD)

Input: IIof: partial observation on the corrupted Han-
kel matrix in reweighted vector form; r: the rank of un-
derlying Hankel matrix; p: observation rate; a: outlier
density; {7yx}: parameters for sparsification operator;
n: step size; K: maximum number of iterations.
1: Inmitialization: Let L, R be produced by spectral ini-
tialization.
2: fork=0,1,..., K —1do
3: Zi11 = g*(LkR;;)
© skpr = Dyap(a(f — 2441))
S. |:Lk+1:| _ I:Lk- — nVe(Li, Ry spq1) (RERy) ™!
' Ry Ry — nVA(Ly, Ry spy1)(LpLy) !
6: end for
7. Output: zop = G*(Lx R}, ) : recovered Hankel ma-
trix in vector form.

HSNLD currently outperforms other state of the art al-
gorithms for low-rank Hankel matrix recovery problems,
shown empirically for both DOA and NMR datasets [2].
However, this approach does not leverage any computa-
tional gains from deep unfolding. HSNLD also suffers from
requiring a higher iteration count than other algorithms de-
spite being faster overall, taking 72 iterations for DOA es-
timation compared to a competing algorithm, SAP, which
took only 32 iterations for its recovery. Part of the issue is
the sparsification operator used, I', which keeps the largest
~yrap entries as outliers and vanishes the remaining entries
to 0. This approach requires more iterations to successfully
separate outliers from the ground truth Hankel matrix.

Moreover, the Newton-like descent step employed in
HSNLD involves two matrix preconditioners, defined to be
(R;Ry)~! and (LjLy) ! at each iteration. It has been
theoretically proven that there exists an optimal set of ma-
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Figure 2. The loss function utilized in Algorithms 1 and 2

trix preconditioners Py, for k = 1,2...K that speed up the
convergence of a first-order algorithm (Theorem 1, [9]),
there is no theoretical guarantee that the chosen matrices
in HSNLD are optimal, meaning that there are potentially
better choices for P, that can be learned.

4. Proposed method

To address the problem of low-rank Hankel matrix re-
covery, our paper proposes DeepHankel, a learnable model
that addresses the scalability concerns of other machine
learning-based methods while exceeding the speed of tra-
ditional Hankel matrix recovery models. DeepHankel em-
ploys a deep unfolding approach, where a neural network
leverages end-to-end training on a predefined algorithm to
learn optimal values for certain parameters at each iteration
of the algorithm. Then, DeepHankel performs an inference
phase using those optimal values to recover both the low-
rank Hankel matrix and corresponding sparse outlier ma-
trix.

4.1. Deep unfolding

A feedforward neural network with K layers, where K is
chosen by the user, is trained to learn two sets of parameters:

o {¢x} fork = 0,1..., K, the set of thresholding val-
ues that are used on a given thresholding operator to
separate the ground truth signal from the outlier values
at each iteration.

o {Py} for k = 1,2..., K, the set of learned matrix
preconditioners that allow for faster convergence of the
inference algorithm’s descent step. In particular, Py is
chosen to be an r X r diagonal matrix, where the diag-
onal entries [pl P2 pr} are learnable parame-
ters.

The training is conducted layer-wise for layers
0,1,..., K — 1. At Layer 0, a pretraining phase is done
to learn (y, and for all other layers, there is both a pretrain-
ing phase to learn (; and Py and a full training phase to
learn all ( and P from ¢y, P to (; and Py.

For all layers, we define the loss function to be

Li(Z,0) (Re(Z,0))" — X,

L= E(ZVX*)NDt’V'(LiTL

where O is defined to be the set of ( and P activated
during the respective training phase. A visualization of the
deep unfolding architecture is provided in Fig. 3.

Figure 3. Representation of the deep unfolding architecture used
to learn parameters for DeepHankel.

4.2. Inference

After the learning process is complete, DeepHankel can
perform an inference phase similar to HSNLD’s core al-
gorithm, using the learned thresholding values and matrix
preconditioners. The inference phase is outlined in Algo-
rithm 2, where the loss function / is defined by Eq. (1).

Algorithm 2 DeepHankel

Input: TIlIof: Partially observed Hankel matrix in
reweighted vector form; r: rank of the underlying Hankel
matrix; p: observation rate; «: outlier density; K: num-
ber of layers; {(j}: learned thresholding values; {P.}:
learned matrix preconditioners
Initialization: Let Ly, Ry be produced by spectral ini-
tialization
fork=0,1,..., K —1do

zr1 = G*(LiR;)

Sk+1 = 7-<k+1 (Hﬂ(f - Zk-‘rl)

Lit1 =Li — Vol(Lg, Ri;sp41) - Pr

Rit1 = Ry — VRA(Li, Ry;se1) - Pi
end for

In Algorithm 2, 7 represents a thresholding function
with respect to the learned ( value. For testing purposes,
the thresholding function chosen was the soft-thresholding
function with || - || denoting the absolute value, and applied
element-wise for every x; in a vector x:

Se(xy) = marlm—clo) o

lI:l|
This replaces the sparsification operator I', whose com-
putation requires a partial sorting that scales to the order of
O(nlogn), whereas the soft thresholding function scales
to the order of O(n). Other thresholding methods, such as
adaptive thresholding or a neural network trained to directly
detect outliers, could be used in place of S¢(x;).

Note that, when updating L and R, there is no learned
step size 7. Since the deep unfolding phase learns the rela-
tive magnitudes of each entry Py, it would be redundant to
learn an additional scaling factor.
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Figure 4. Runtime comparison between HSNLD and DeepHankel
for n = 8191 observations, r = 10 rank, and 20% outlier rate. Deep-
Hankel achieves a roughly 3x speedup compared to HSNLD.

5. Preliminary results

To test against the baseline HSNLD model, DeepHankel
was trained with K = 30 layers and 1000 epochs for each
layer’s pretrain and full train phase. The training phase was
done on Python using PyTorch, taking under half an hour
to train. For a fairer comparison, the inference portion was
conducted on MATLAB for both models. The results were
computed using an Apple M3 chip and 16GB RAM.

A runtime comparison plot is shown in Fig. 4, where
the time elapsed is plotted against the loss at a logarithmic
scale. Both models successfully recover the ground truth
with a precision of around 10~ !, but DeepHankel recov-
ers the matrix in under 0.2 seconds, compared to HSNLD’s
0.65 second runtime. DeepHankel’s 30 layers (and thus 30
iterations on the inference phase) also put it at roughly half
the number of iterations required for convergence against
HSNLD’s 61 iterations.

6. Conclusion

In this paper, we introduce DeepHankel, a novel low-
rank Hankel matrix recovery algorithm capable of recover-
ing a partially observed, noisy, and ill-conditioned Hankel
matrix using methods that scale well to higher observations.
DeepHankel employs deep unfolding techniques to learn
thresholding values and matrix preconditioners for each it-
eration. Empirical results show that the model can recover
Hankel matrices 3 times as fast as the baseline HSNLD.
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